o 



o 

00 



On the pancyclicity of digraphs with large 

semi-degrees 

S. Kh. Darbinyan 

Institute for Informatics and Automation Problems, Armenian National Academy of Sciences, 

P. Sevak 1, Yerevan 0014, Armenia 
Email: samdarbin @ ipia.sci.am 

Abstract 



Let D be an directed graph on p > 10 vertices with minimum degree at least p — 1 and minimum 
. semi-degree at least p/2 — 1. We present a detailed proof of the following result [13]: The digraph D is 

^ I pancyclic, unless some extremal cases (which are characterized). 
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Introduction and Notation 



o 

Ghouila-Houri [18] proved that every strong digraph on p vertices with minimum degree at least p 
• is hamiltonian. There are many extentions of this theorem for digraphs and orgraphs. In particular, in 

many papers, various degree conditions have been obtained for digraphs (orgraphs) to be hamiltonian 
or pancyclic or vertex pancyclic (see e.g. [2]-[33]). C. Thomassen [31] proved that any digraph on 
p = 2m + 1 vertices with minimum semi-degree at least m is hamiltonian unless some extremal cases, 
which are characterized. In [9], we proved that if a digraph D satisfies the conditions of this Tomassen's 
theorem, then D also is pancyclic (the extremal cases are characterized). For additional information on 

■"sj" . hamiltonian and pancyclic digraphs see the book [1] by B. Jenssen and G. Gutin. 

00 ■ • 

In this paper we present a detailed proof of the following result. 

Every digraph D (unless some extremal cases) on p > 10 vertices with minimum degree at least p — 1 
and with minimum semi-degree at least p/2 — 1 is pancyclic, unless some extremal cases (in [13], we gave 
only a short outline of the proof). In [12], we have proved that D contains cycles of length 3, 4, p — 1 
and if p 2m, then D also is hamiltonian. 

In this paper we shall consider finite digraphs without loops and multiple arcs. For a digraph D, 
' we denote by V{D) the vertex set of D and by A{D) the set of arcs in D. Sometimes we will write D 

' instead of A{D) and V{D). If xy is an arc of D, then we say that x dominates y and y is dominated 

by X. For subsets A and B C V{D) we define A{A B) as the set {xy e A{D)/x e A,y ^ B] 
and A{A,B) = A{A B)\J A{B A). If x G V{D) and A = {x] we write x instead of {x}. For 
disjoint subsets A and B oiV{D) A B means that every vertex of A dominates every vertex of B. 
If C C V{D), A ^ B and B ^ C, then we write A ^ B ^ C. The outset of vertex x is the set 
0{x) = {y e V{D)/xy e A{D)} and I{x) = {y G V{D)/yx £ A{D)} is the inset of x. Similarly if 
A C V{D) then 0(x,A) {y G A/xy e A{D)} and I{x,A) = {y £ A/yx e A{D)}. The out-degree 
of x is od{x) — \0{x)\ and id{x) — \I{x)\ is the in-degree of x. Similarly, od{x,A) = \0{x,A)\ and 
id{x,A) = \I{x,A). The degree of the vertex x in D defined as d{x) — id{x) + od{x). The subdigraph 
of D induced by a subset A of V{D) is denoted by {A). The path ( respectively, the cycle ) consisting 
of the distinct vertices xi^X2, . . . ,x„ { n > 2) and the arcs XiXi^i^ i G [l,n — 1] ( respectively, XiXi+i, 
i G [1, ri — 1], and XnXi ), is denoted xiX2 ■ ■ - Xn (respectively, xiX2 ■ ■ ■ XnXi ). The cycle on k vertices is 
denoted Cfe. For a cycle Ck = xiX2 ■ ■ ■ XkXi, the indices considered modulo fc, for every s and 

i such that i = smodfc, and we denote by Ck[xi, Xj] := XiXi^i . . .Xj {Ck[xi, Xj] is a path for Xi ^ Xj). 
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Two distinct vertices x and y are adjacent if xy G A{D) or yx € A{D) (or both), i.e. x is adjacent 
with y and y is adjacent with x. Notation A{x, y) ^ (respectively, A{x, y) = 0) denote that x and y are 
adjacent (respectively, are not adjacent). 

For an undirected graph G, we denote by G* symmetric digraph obtained from G by replacing every 
edge xy with the pair xy, yx of arcs. Kn (respectively, -fl'n,™) denotes the complete undirected graph on 
n vertices (respectively, undirected complete bipartite graph, with partite sets of cardinalities n and m), 
and Kn denotes the complement of Kn- 

If Gi and G2 are undirected graphs, then G\ U G2 is the disjoint union of G\ and G2. The join of Gi 
and G2, denoted by Gi + G2, is the union of Gi U G2 and of all the edges between Gi and G2. 

For integers a and b, let [a, 6] denote the set of all integers which are not less than a and are not 
greater than h. If / = [a, h] then we denote by a := left{I} and b right{I}. 

Wc refer the reader to J. Bang-Jensens and G.Gutin's book [1] for notations and terminology not 
defined here. 

Preliminary Results. 

Lemma 1 ([21]). Let D be a digraph on p > 3 vertices containing a cycle G„, n S [2,p — 1] and let 
X ^ Cn- If d{x, Cn) >n+l, then D contains a cycle Ck for every G [2, n + 1]. q 

The following Lemma will be used often in the proofs our results. 

Lemma 2 ([6]). Let D be a digraph on p > 3 vertices containing a path P := X1X2 ■ ■ ■ Xn, n € [2,p — 1]. 
Let x be a vertex not contained in this path. If one of the following holds: 

(i) d{x,P) > n + 2; 

(ii) d{x, P) > n + 1 and xxi ^ D or XnXi ^ D; 

(iii) d{x, P) > n, xxi ^ D and x„,.t <^ D: 

then there is an i £ [1, n — 1] such that XiX, xxi^i £ D, i. e., D contains a path X1X2 ■ ■ ■ XiXXi^i . . . Xn of 
length n (we say that the vertex x can be inserted into P or the path X1X2 ■ ■ ■ XiXXi+i . . . a;„ is extended 
from P with a; ). □ 

Note that the proof of Lemma 1 (see [21]) implies the following: 

Lemma 3. Let D be a digraph on p > 4 vertices containing a cycle Cm = X1X2 ■ ■ ■ XmXi, m G [2,p — 1], 
and let a; be a vertex not contained in this cycle. If d{x, Cm) = m and for some n G [2, m + 1] the digraph 
D contains no cycle of length n, then xXi G D ii and only if Xi+n-2X ^ D for every i G [1, m]. □ 

Using Lemma 2 it is not difficult to prove the following: 

Lemma 4. Let D he a. digraph on p vertices containing a path P := X1X2 ■ ■ - Xn and let a; be a vertex 
not contained in this path. 

a) . Suppose that xxi ^ D, XnX ^ D and x cannot be inserted into P. Then the following hold: 

(i) If n > 4, XiX,X2X,xXn G D and d{x,P) > n — 1, then there is an i G [l,n — 3] such that 
XiX,XXi+3 G D. 

(ii) If n > 5, xxn G D, A{x -)■ {a;i,a;2,a;3}) = 0, d{x,P) >n-2 and \A{xi -)■ x)\ + \A{x 0:^+3)1 < 1 
for all i G [1, n — 3], then there is an / G [1, n — 4] such that xix, xxi+4, G D. 

b) . If n > 3, d{x, P) = n + 1 and x is adjacent with at most one vertex of two consecutive vertices of 
P, then n is odd and 0{x,P) = I{x,P) = {a;i,a;3, . . . ,Xn}- □ 
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Notation. Let C„ = X1X2 ■ ■ ■ x^Xi be a cycle. For any pair of integers i, j £ [1, n]: if i < j we denote by 
C{i,j) := {xi,Xi+i,.. .,Xj}, and Hi > j let C{i,j) := 0. Let f{i,j := \C{i,j)\. 

Lemma 5. Let £> be a strongly connected digraph on p > 10 vertices with minimum degree at least 
p — 1 and with minimum scmi-dcgrcc at least p/2 — 1. Let C := Cp_i := X1X2 ■ ■ ■ Xp-ixi be an arbitrary 
cycle of length p — 1 in D and let x be the vertex not contained in this cycle. Suppose that x is adjacent 
with all vertices of cycle C. Then D contains a cycle C„ for all n G [3,p — 2]. 

Proof. Suppose, on the contrary, that for some n G [3,p — 2] the digraph D contains no cycle C„. It is 
esay to see that n > 5. Applying Lemmas 1 and 3 we find that d{x) = p — 1 and for all i e [l,p— 1], 

|A(a;,a;i)| = 1 and xxt G D if and only if Xi+n-2X ^ D. {*) 

Notation. We denote by Mi, M2, ■ ■ ■ , M^, Ni, N2, ■ ■ ■ , Nk the maximal subpaths (sets) on cycle C for 
which both of the following hold ( we take the indices of Mi and Ni modulo k): 

(i) Every vertex of Mi (respectively, Ni) is dominated by x (respectively, dominates x); 

(ii) The subpaths Mi and Ni are labeled in such way that on the cycle C the subpath Mj preceding 

of Ni and Ni preceding of M^+i. 

Let TOj := \Mi\ and rii := \Ni\. Without loss of generality, we may assume that 

mi = max{mi/l <i<k}> max{ni/l <i<k} (1) 

( for otherwise we consider the digraph fe). Let Ii := [3, mi + ni + 1] and for all I G [2, k] let 

" / i-i I 

Ii= ^mi + ^ni + 3, ^{rrii + n^) + 1 

J=2 1=1 i=l 

From the definitions of the sets Mj, Ni and from (*) it is easy to see that k > 2 and n ^ U*Li/i. Prom 
(1) it follows that for each j e [2,k], 

right{Ij-i} + 1 > left{Ij} — 1 and right{Ij} > right{Ij-i}. 

Hence, since n ^ u|^i/j, for some s G [2, k] we have right{Is-i} + 1 < n < left{Is} — 1, i.e., 

s — 1 s s~l 

^(mi + rij) + 2 < n < mj + rtj + 2. 

1=1 i=2 i=l 

This implies that mi <ms. Hence by (1) we have 

s-1 

mi = nia and n = ^^(m^ + rij) + 2. 

i=l 

From (*) it follows that for all Z G [1, /c], 

l+s-2 

mi=mi+s-i, ni = ni+s-i and n= ^(mj+nj) + 2. (2) 

i=l 

For any t G [2, fc + 1] denote by qt := J2lZi{'>T^i + '^i)) in particular, = n — 2, qk+i = p — 1. Note that 

a;a;gj+i G £>, xajg^ ^ £» and Xg^+n-2X G D by (*). (3) 
To be definite, assume that Mi := {xi,X2, ■ ■ ■ , Xmi }• We first prove the following Claims 1-5. 
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Claim 1. If j e [s + 1, fc + 1], then 

(i) Xn-iXq-+i ^ D, in particular, Xn-iXi ^ D; 

(ii) \A{xq.+i -)■ Xn-i)\ + \A{xn-i ^> 2^,^+2)1 < 1, in particular, d{x„-i, {xg^+i, a;g^.+2}) < 2. 
Proof. Assume that Claim 1 is not true. Then 

(i) Xn-iXq^+i e D and C„ by (3); 

(ii) Xq^+iXn-i,Xn-iXq^+2 G -D and C„ = xXq^+iXn-iXq^+2 ■ ■ ■ Xq^+n-2X by (3). In both cases we have 
a contradiction, q 

Claim 2. If mi > 2, then Li := A{x„-i U^^^A^j) = 0. 

Proof. In the converse case, if Xn-iz € Li, then C„ = a;a;2a;3 . . . Xn-izx, a contradiction, q 

Claim 3. If mi > 2 and j G [s, fc], then £2(.7) := A{xn^i -> (Mj — {xq.+i, Xq-+2})) = 0- 
Proof. In the converse case, if Xn-iXi G -^20)j then from the maximality of nii it follows that 
d-1 := \{xi,Xi+i, . . . ,Xq.+rnj+i}\ < Wi - 1 and C„ = a;a;da;d+i . . . a;„_ia;ja;j+i . . . x^^+m^.+ia;, a con- 
tradiction. Q 

Claim 4. Xn-iXp-i ^ I?. 

Proof. In the converse case, a;„_ia;p_i G D and C„ = xia;2 . . . Xn-iXp-iXi, a contradiction, q 



Prom the maximality of mi and Claims 2 and 4 it follows that 

d(a;„_i, A^fe) < rife. (4) 

Using Claims 1-3, we get 

d{xn-i,C{n,p - nk - I)) < p - n - nk + 1. (5) 

Since the vertex Xn-i cannot be inserted into the path xiX2 . . . Xn-2 and Xn-iXi ^ D (Claim 1), using 
Lemma 2(ii), we get 

d(a;„_i,(7(l,n-2)) <n-2. (6) 
Hence, by (4) and (5), we conclude that 

rife > d{xn-i,Nk) > nfc - 1, 

^.s i =n-2, if d{x„-i,Nk) = nk-l, 
d{xn-i,C{l,n-2)) i (7) 

>n-3, if d(Xn-i,Nk) = Uk- 

Claim 5. If t G [2,n - 2], then \A{xt-3 -> Xn-i)\ + \A{xn-i Xt)\ < 1. 

Proof. Assume that the claim is false, that is f G [2,n — 2] and XtsXn-i, Xn-iXt G D. Let the integer 
t with these properties be the smallest, li t < n — Us-i — 1, then C„ = xxqi^+mk ■ ■ -Xt-aXn-iXt ■ ■ ■ 
Xn-ns-i-i^ since rife = Ug-i by (2), a contradiction. Thus we may assume that t > n — n^-i (in 
particular, xt G A^s_i). Hence from t < n — 2 it follows that Hg-i > 2. Therefore mi > 2 by (1), and 
t > 4. It is not difficult to see that for alH G [1, n — 3], 

if := |{a;j+i,a;j+2, . . . ,a;„_2}| < mi, then XiXn-i ^ D (8) 

(otherwise XiXn-i G D and C„ = xXmi-d+iXmi-d+2 ■ ■ ■ XiXn-i ■ ■ ■ Xg^+m^+ix since mi = m^). Together 
with t>n — Hs-i, mi > n^-i and the fact that Xn-i cannot be inserted into the path a;ia;2 . . . Xn-2 this 
implies that t = n — Ug-i, mi = Us-i and 

A{{xt-2,Xt-l} Xn-l}) = A{Xn-l,Xt-2) = 0- (9) 
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Note that nk = rig-i > 2 by (2). Prom this it follows that if i e [3,t\, then 

\A{Xi-4 Xn-l)\ + \A{Xn-l Xi)\ < 1, (10) 

(otherwise C„ = xXq^-^-m^ ■ ■ ■ Xi-^Xn-iXi . . .xtx). From (10), in particular, we have X(_4X„_i ^ D. 

Suppose first that A(xn-i,xt-i) = 0. Then, since Xn-iXi ^ D and the vertex Xn-i cannot be inserted 
into the path X1X2 ■ ■ ■ Xn-2, using Lemma 2 and (9), we obtain d(a;„_i, C(l, n — 2)) < n — 3. Prom this, 
(7) and Claim 2, we get Nk Xn-i and d{xn-i,C{l,t — 3)) = t — 3. Since Xt-iXn-i ^ D hy (10), we 
obtain that t > 5, and by Lemma 2 there is an i e [2,t — 3] such that Xn-iXi and XisXn-i € D, which 
contradicts the minimality of t. 

Suppose next that A{xn-i,Xt-i) ^ 0. Then xt-iXn-i ^ D and Xn-iXt-i € .D by (9). From (8) we 
have d{xn-i,C{t, n — 2)) <n — t. Then it follows from (7) that 



d{Xn-l,C{l,t-l)) > 



t-3, if d{xn-i,Nk) = Uk, 
t-2, if d{xn-i,Nk) = nk-l. 



In both cases it is easy to see that 

d{Xn-l,{Xp-2,Xp-i,Xi,X2, - . . ,Xt-l}) > t - 1. 

Since A{xn-i — > {xp-2,Xp-i,xi}) = 0, Xn-iXt-i G D and Xt-iXn-i ^ D, by Lemma 4(ii) there is an 
j e [2,t — 1] such that XjsXn-i, Xn-iXj G -D or Xj-iXn-i, Xn-iXj G D {j > 3), which contradicts the 
minimality of t or inequality (10). This completes the proof of Claim 5. q 

Claim 6. If Xn-iX2 G D, then L3 := A{u'^^^Mj \ {xn-i} ->■ Xn-i) = 0. 

Proof. Otherwise Xn-iX2 € D, zXn-i € -L3 and C„ = xzXn-\X2X^ . . .Xn-2X, a contradiction, q 



Claim 7. The vertex .t„_i dominates at most (p — n — l)/2 vertices from C{n,p — 1). 

Proof. Let mi = 1. Then by (1), im = rii = 1 for all i € [1, k] and n < p — 3. Observe that p — 3 and n 

are even. Using Claims l(i) and 4, we obtain 

0{Xn-l,C{n,p- 1)) C {Xn,Xn+2,Xn+4,---,Xp-3}- 

Hence the claim is true for mi = 1 since 

|{a;„,a;„+2,a;„+4, . ■ . ,a;p_3}| = {p-n - l)/2. 

Let now mi > 2. Then mi = nis > 2 by (2). If n = p — 2, then s = k, ruk = 2 and Uk = 1. Together 
with (2) and (*) this implies that rrii = 2 and rii = 1 for all i G [l,fc] . Therefore id{x) < p/2 — 2, a 
contradiction. Thus we may assume that n < p — 3. According to Claims 1-4 we have 

if mg > 3, then od(a;„_i, (7(n,p — 1)) < (mg — 1 + m^+i H \- mk)/2 < {p — n — l)/2; 

if ms = 2, then od(a;„_i, C(n,p - 1)) < 1 + (m^+i + ms+2 H \- mk)/2 < (p - n - l)/2 

since n < p — 3. Claim 7 is proved, q 



Now we shall complete the proof of Lemma 5. 



From Claim 7, od{xn-i) > {p — 2)/2 and the fact that A{xn-i {a;,a;i}) = it follows that there 
is an i G [2,n — 3] such that Xn-i {xi,xi+i}. Choose I with these properties is as small as possible. 
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Note that x„_i cannot be inserted into the path X1X2 ■ ■ ■Xn-2- Now using the minimaUty property of I, 
Lemma 2 and Claim 5, we see that 

A{Xn-l,Xl-i) = A{{xi-3, XI-2} Xn-l) = 0- (11) 

First we prove that / > 3. Assume that / = 2. Then A{xn-i,Xp-i) = by (11) and Claim 4. Hence 
it is easy to see that 

d{xn-i,C{n,p-l))<p-n-l. (12) 

Indeed, if mi > 2, then (12) immediately follows from Claims 2 and 6 and if mi = 1, then Mj = {xg^+i} 
and (12) follows from Claims l(i) and 6. By (12), 

p-1 < d{xn-i) = d{xn-i,C{l,n- 2)) + d{xn-i,C{n,p - 1)) + 1 < rf(x„_i, C(l,n - 2)) + p-n. 

Hence d{xn-i,C{l, n — 2)) > n — 1, which contradicts (6). This proves that I > 3. 
Suppose first that A{xi-2,Xn-i) = 0- If i = 3, then 

^(a;„_i,{a;p_i,a;i,a;2}) = 0, d{xn-i,Nk) < nfe - 1 

(by (11) and Claims 2, 4) and 

d{x„-i,C{l,n -2)) = fi(.'i;„_i,C(3,n - 2)) <n-3 (by Lemma 2), 

which contradicts (7). Thus we may assume that I > 4. Since A{xn-i, {xi-i,Xi-2}) = 0, using Lemma 
2 and (11), we obtain 

d{xn-uC{l, n - 2)) = d{xn-uC{l, I -3)) + d{xn-uC{l, n - 2)) < n - 4, 

which also contradicts (7). 

Suppose next that A{xi-2,Xn-i) 7^ 0- Then Xn-iXi-2 G -D by (11). Since A{xn-i {a;p_i,a;i}) = 
it follows that I > 4. Therefore, since A{xi-i,Xn-i) = by (11), from (7) and Lemma 2 it follows that 

d(a;„_i,C(l,n-2)) =n-3 (13) 

and d{xn-i,Nk) = nk- Prom this and Claims 2, 4 it is easy to see that Nk — > Xn-i- If > 2 or 
x\Xn-\ S D, then, since d{xn-i,Nk U C(l, / — 2)) > rifc + / — 3, by Lemma 4(i) there is an i e [2, 1 — 2] 

such that Xi-3X„-i,Xn-iXi G D, which contradicts Claim 5. So, we may assume that Uk = 1 and 
A{xi,Xn-i) ~ 0. Because of this and (13), by Lemma 2 we have Xn-iX2 G D. Therefore Claim 6 holds 
(i.e., L3 = 0). Now using Claims 1 and 2, we see that d{xn-i,C{n,p — 1)) < p — n. Together with (13) 
this implies that d{xn-i) < p — 2, a contradiction. This completes the proof of Lemma 5. q 

Notation. In the following, for any integer k, k denotes the element oi [l,p — 1] {p > 3) which is 
congruent to k modulo p — 1 (i.e., k = k mod {p — 1)). 

Lemma 6. Let Dhe & digraph on p>W vertices with minimum degree at least p — 1 and with minimum 
semi-degree at least p/2 — 1. Let D contains a cycle C := Cp_i := X1X2 ■ ■ ■ Xp-ixi of length p—1 and let 
for some n G [5,p — 2] the digraph D contains no cycle of length n. Suppose that the vertex x ^ V(C) is 
adjacent with the vertex xi, is not adjacent with the vertex Xp-i and there are positive integers k and a 
with k + a < p — 2 such that xxa, Xp-k-ix G D and 

A{C{p-k,p-l)^x)=A{x^C{l,a-l))=<li. (a > 2) (14) 

Then the following statements hold: 
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(i) n<p — k — a + 2; 

(ii) If i S [p — fc — l,p — 2], J G [1, a] and /(j, i) > n — 1, then XiXj ^ D; 

(iii) Ifp — k — 2<i<j<p — 1, then ccjXj G D if and only if j = i + 1 (i.e., f{i,j) = 2). 

Proof. Since C„ ^ D, it follows from Lemmas 1 and 3 that d{x) = p — 1, id{x),od{x) < m, where 
m := [p/2j, and for each i G [l,p — l], 

\A{x ^ Xi)\ + \A{xi+n-2 ^ x)\ = 1, in particular, Xa+n-3X e D. (*) 

Proof of statements (i) and (ii) immediately follows from d{x) = p — I, (14), (*) and Lemma 1. 

Proof of (iii). Suppose that statement (iii) is false. Then there are integers s and t with p — k — 2 < 
s < t—1 < p — 2 such that XgXt G D. Choose the vertices Xs and Xt so that f{s, t) is as small as possible. 
Let d := f{s + l,t- 1). Note that 

3<d + 2 = f{s,t)<k + 2. (15) 

From A{C{p - k,p - 1) ^ x) = <!) hy (14) and (*) it follows that 

X ^ C{p — k — n + 2,p — n + 1), in particular, xXp-k-n+2 & D. (16) 

Note that p — fc — n + 2>aby Lemma 6(i). Together with (16) and A{x,Xp-i) = this implies that 
there is a vertex Xq, q G [p — n + l,p — 2], such that 

xxq+i ^ D and x ^ C{p — k — n + 2,q). (17) 

Remark that from xxq+i ^ D and (*) we have Xq+n-ix € D. 

Case 1. q < p — k — 2. 

If f{q + n, q) > d, then by (15), (17) and Xq+n-iX & D we have xXq-d+i € D and C„ = xXq-d+i 
Xq-d+2 ■ ■ ■ XsXt ■ ■ ■ Xq+n~ix, & Contradiction. Therefore, we may assume that f{q + n, q) < d. From this, 
(15), Lemma 6(i) and f{q + n, q) + n = p it is easy to see that 

p — k + 1 <n = p — f{q + n, q) <p — k — a + 2. 

This implies that a = 1, f{q + n, q) = k — l,n = p— k + 1 and d=k. Therefore, xx\ G D, s = p — k — 2 
and t = p — 1 (i.e., Xp^k~2Xp-i G D). From 5 < n < p — 2 and n = p — k + 1 it follows that p — fc > 4 
and fc > 3. Hence by the minimality of f{s,t) we have 

A{C{p -k-l,p-3) ^ Xp-i) = A{C{p -k-2,p-A)^ Xp-2) = 0- (18) 

Since n = p — k + 1, using A{C{p — k,p — 1) ^ x) = by (14) and (*) we see that 

x^C{l,k) (19) 

We have a cycle C„_i := xxiX2 ■ ■ .Xp-k-ix of length n — 1 and Xp-\ cannot be inserted into this cycle 

Cn-i- Hence, since Xp_fc_2Xp_i G -D, we have Xp-iXp-k-i ^ D. Therefore, A(xp_i, Xp_fc_i) = by (18), 
and d{Xp-\,C{l,p — fc — 1)) < p — fc — 1 by Lemma 2(ii). These together with (18) and d{Xp-i) >p — I 
give 

Xp-^^C{p-k,p-2). (20) 
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If XiXp-k-1 € D, where i £ [p — k,p — 2], then C„ = XX2X3 . . .Xp-k-2Xp-iXi Xp-k-ix by (19) and (20), 
a contradiction. So we may assume that 

A{C{p-k,p-l)^Xp-k-i)=t (21) 

Therefore 

id{xp-k-i,C{l,p -k-3))> p/2 - 3. (22) 
It is easy to see that if i G [l,p — k — 3], then 

\A{xi -5> Xp-k-i)\ + \A{xp-k Xi+i)\ < 1, 

for otherwise XiXp-k-i, Xp-kXi+i G D and C„ = Xp-iXiX2 . ■ . XiXp-k~iXp-k Xi+i . . . Xp-k-2Xp^i, a 
contradiction. From this and (22) it follows that Xp-k does not dominate at least p/2 — 3 vertices 
from C{2,p — k — 2). Prom the minimality of f{s,t) we also have that Xp-k does not dominate k — 2 
vertices from C{p — k + l,p — 1). On the other hand, from (14), (21) and Lemma 6(ii) we get that 
A{xp-k {a;, Xp-k-i^Xi}) = 0. Hence, by our arguments above we have that Xp-k does not dominate at 
least p/2 + fc — 2 vertices. This implies that od{Xp-k) < p/2 — k + 1 < p/2 — 2 since A; > 3, a contradiction. 
The discussion of Case 1 is completed. 

Case 2. q > p — k — 1. 

From xxq+i ^ D and (14) it follows that A{x, .Xg+i) = 0. Since 5°(x) > p/2 — 1 and d{x) = p — 1 we 
see that od{x) < p/2. Hence from q > p — k — 1 and (17) we have n — 2 < p/2 (i.e., n < p/2 + 2). 

For Case 2 we first prove the following Claims 1-5. 

Claim 1. L4 := A{xg C(g + 2,p - 1) U C(l, a - 1)) = 0. 

Proof. Assume that XgXi G L4 for some i E + 2,p — 1] U [1, a — 1]. Recall that n <p — k — a + 2 
by Lemma 6(i). Hence the cycle C := XaXa+i ■ ■ - XgXi . . .Xa has length at least n — 1. Then, since 
d{x) = p-1, (14) and A{xg+i,x) = 0, we obtain d{x,V{C')) > \V{C')\ + 1. Therefore C„ C D hy 
Lemma 1, a contradiction, q 

Claim 2. li p - k - n > a + n - 4, then A{xq C{a, a + n - 3)) = 0. 

Proof. Suppose, on the contrary, that there is an i G [0,n — 3] such that XqXa+i G D. Then, since 
Xa+n-3X G D hy (*), f{p - k- n + 2,q)>n-2 and (17), we have C„ = XqXa+iXa+i+i ■ ■ ■ Xa+n-axxq-i 
Xq—i-\-l . . . Xq^ a contradiction. □ 

Claim 3. Ifa<p-/c-n+l<a + n-4, then A{xq C{a, p - k - n + 1)) = 0. 
Proof. Assume that the claim is not true, that there is an i G [0,p — k — n — a + 1] such that XqXa+i G D. 
Note that a + n — 3 < p — k — 3. Prom q > p — k — 1 and i G [0,p — k — n — a + 1] it follows that 
q-i>n + a-2. Therefore xxq-i G D hy (17), and C„ = XqXa+iXa+i+i ■ ■ ■ Xa+n-sxXq-iXq-i+i ... a;,, a 
contradiction, q 

Claim 4. If g > p — fc, then the following hold: 

(i) f{p-k,q)<n-3; 

(ii) A{xq C{p - k - n + 2,p - k ~ n + 2 + f{p - k,q - I)) ^ 

Proof, (i) Suppose, on the contrary, that f{p — k,q) > n — 2. From this, since p — k + f{p — k,q) = q + 1, 
we have q — n + 3 > p — k. Note that I{x) C C(l,p — fe — 1) by (14). It is easy to sec that if G I{x), then 
XqXi ^ D (otherwise XiX, XqXi G D and C„ = XqXiXXq-n+3Xq-n+4 ■ ■ ■ Xq by xxq-n+3 G D). Therefore 
from id{x), od{Xq) > p/2 — 1 and XqX ^ D it follows that XqXj G .D if and only if Xj ^ I{x). Then, 
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since Xp-ix ^ D we have XqXp-i S D, and q = p — 2 hy Claim 1. If XqXi G D {xq = .Tp-2), then 
C" := X1X2 ■ ■ ■Xp-2Xi is a cycle of the length p — 2 with d{x,C') = p — 1, and hence D contains a 
cycle C„ by Lemma 1, a contradiction. So, we may assume that XqXi ^ D and Xix G Z?. Then, since 
q — n + A > p — k + 1, Cn = xXq-n+4 ■ ■ ■ XqXq+iXix, 3. contradictlon. This completes the proof of inequality 
fip-k,q)<n-3. 

(ii) Suppose, on the contrary, that there is an i S [1, f{p — k, q)] such that XqXp-k-n+i+i € D. Then 
p — k — n + l + i <p — fc — n + l + n — 3 = p — fc — 2by Claim 4(i), and C„ = XqXp-k-n+i+i ■ ■ ■ 
Xp—k — lXXq—i-^\ . . . Xq^ a contradiction. Claim 4 is proved. □ 



Claim 5. If a + n>p — k — n + 4:, then n > 



p/2 + 1, if q>p-k, 
pI2, if q=p — k—l. 
Proof. Put B := C{p - k - n + 2 + f{p - k,qj,q + 1) \ {xq}. From Claims 1-4 it follows that 



0{Xq) C 



B, if q> p — k. 
B^{x}, if g=p-fc-l. 



' ~ ' since \B\ = n — 2. Claim 5 is proved, r-i 

n— 1, nq = p — k — 1 

We now consider the following two subcases. 



Subcase 2.1. a + n>p — k — n + 4. 

Using (*) and (17), we obtain 

Xq-\-n—l^^-D and A[{Xq^i, Xq^2 ■>■■■■} Xq^n— 2 

} ^ x) = 0. (23) 

Claim 5 and n < p/2 + 2 imply that m <n <m + 2 (m:= [p/2j). 



Suppose that n = m + 2. From q>p — k — 1, (17) and od{x) < m it follows that q = p — k — 1 and 

A{x {Xq+i,Xq+2, . . . ,Xp-k-n+l}) = 0- 

Together with q + n — 2>p — k — n+1 and (23) this implies that 

A{x,{Xq+i,Xq+2, ■ ■ ■ ,Xp-k-n+l}) = 0- (24) 

Hence xi = Xp-k-n+2 (i.e., n = p — k + 1 and a;p_i = a;p_fe_„+i) and fc > m — 1 > 4. Prom fc > 4 and 
(*) we get Xp-k-2X e D. By (24) and Lemma 1, we can assume that s = p — k — 2 and 

A(C(p-A;-l,p-3)^Xp_i) = 0, (25) 

in particular, Xp-k-iXp-i ^ £>. Then, since d{xp^i) > p — 1 and the vertex Xp^i cannot be inserted 
into the path xiX2 ■ ■ ■ Xp-k-i, using Lemma 2(ii) and (25) we get that Xp-iXp-k S D. From this it 
is easy to see that if Xp-kXi £ D, i £ [2,p — k — 1], then Xi-iXp-i ^ D (otherwise, if i > 3, then 
Cn = XX2 ■ ■ -Xi-iXp-iXp-kXiXi+i . . .Xp-k-ix and if i = 2, then C„ = xxiXp-iXp-kX2 ■ ■ ■Xp-k-2x). 
Again using Lemma 1 and (24), we obtain 

A{xp-k -^C{p-k + 2,p-l)U {xi}) = 0. 

Therefore Xp-k dominates at least p/2 — 2 vertices of C{2,p — fc — 1). This implies that Xp_i is not 
dominated at least by p/2 — 2 vertices from C{l,p — k — 2). Together with (25), k > A and xXp-i ^ D 
this implies that id{xp-i) < p/2 — 2, a contradiction. 



9 



Now suppose that m < n < m + 1 and q = p — k — 1. Prom Claim 5 and n < m + 1 we obtain that 

p-k-n-l<p-k + n-2<p-k-n+l. (26) 

From q = p - k - 1, (17) and (*) it follows that 

A{{xp-k,Xp-k+i,. . .,Xp-k+n-3} -)■ a;) = 0, 

and Xp-k+n-2X G D (i.e., k < n — 2). This implies that d := /(s + 1, t — 1) < n — 2. If f > p — fc + 1, 
then Cn = xxp-k-d ■ ■ ■ Xp-k-d+i ■ ■ • XgXtXt+i ■ ■ ■ Xp-k+n-2X, a contradiction. Therefore t = p — k and 
s = p — k — 2. Prom our supposition that C„ ^ D it is not difficult to see that 

A.(^Xp—k ^ {Xp—k—l,Xp—k—njXp—k—n+l}) — 0- (2'^) 

If 

Xp—k^p—k+i G where Z G [2,?2 2], then — Xp—kXp—k-\-iXp—k-\-i-\-l • ■ • Xp—k+n—2XXp—k—i+l 

. . -Xp-k by (17), a contradiction. So we may assume that 

A{Xp-k {Xp-k+2, Xp-k+3, ■■, Xp-k+n-2}) = 0- 

Together with (26) and (27) this implies that 

0{xp-k) C C{p -k-n + 2,p-k-2)U {xp-k+i}. 

Therefore n — 2> p/2 — 1. Then, since n < m + 1, it follows that p = 2m, n = m + 1, Xp^kXp-k-n+2 G D 
and Xp-k-n+i = Xp-k+n-2- Hence, by (23) it is obvious that there is a vertex Xj G C{p—k — n+2,p—k—2) 
such that XjX £ D. But then by (17), C„ = Xp-kXp-k-n+2 ■ ■ ■ XjXXj+i . . . Xp-k, a contradiction. 

Finally suppose that m < n < m + 1 and q> p — k. Then p = 2m and n = m + 1 by Claim 5. Using 
od{x) < m and (17), we get that q = p — k, Xa = Xp-k-n+2 = Xp-k+n-i and 

A{x, {Xp-k+l , Xp-k+2, Xp-k+n-2}) = 0- 

Therefore a = 1 and xix G D. Now using (14) with Lemma 1, we obtain 

A{C{p -k-l,p-3)^ Xp-i) = A{xp-k -^C{p-k + 2,p- 1) U {a;i}) = 0. 

Together with f{p — k — l,p — 3) = m — 1 and xxp-i ^ D, Xp-kX ^ D (by (14)) this implies that 
Xp-k-2Xp-i,Xp-kX2 S D and C„ = Xp-kX2 ■ ■ ■ Xp-k-2Xp-iXixXp-k, which is a contradiction and com- 
pletes the discussion of Subcase 2.1. 

Subcase 2.2. a + n — 3<p — k — n. 

Put a:=\I{x)r]C{p-k-n + 2,p-k-l)\, /3 := |/(a;) n C(a, o + n - 3)|, 
-f:=\I{x)r)C{a + n-2,p-k-n + l)\ and 

Bi := C{q + 2,p - 1) U C(l, a + n - 3) U Cip - k - n + 2,p - k - n + 1 + /{p - k, q)). 

It is clear that 

l<a<n-2, 1< P<n-2 and \Bi \ = a + n + k - 4. (28) 
From Claims 1, 2 and 4(ii) it follows that 

A{xg^Bi) = (D and < m. (29) 
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For Subcase 2.2 first we will prove Claims 6-9. 
Claim 6. j3<k. 

Proof. If n — 2 < fc, then (3<n — 2<khy (28). So we may assume tliat n — 3 > k. Then from 
q > p — k — 1 and (*) it follows that xix ^ D. This means that a = 1 and a + n — 3 = n — 2. Then, since 

x^C{p-k-n + 2,q) and \C{p - k - n + 2,q)\ > k + 1, 

from (*) it follows that A{C{l,n-k-2) ^ a;) = 0. Hence p < \C{l,n -2)\C{l,n - k -2)\ < k. Claim 
6 is proved, q 

Note that from id{x) >m — l,j3<k and (14) it follows that 

7 > id{x) — (Q! + /3 + a— 1) > id{x) — [a + a + k — l)>m — a — a — k. (30) 

Claim 7. If q = p — k — 1, then s = p — k — 2, t — p — k and A(xp^k Bi\ {xp-k+i}) = 0- 
Proof. Since q = p — k — 1, from the definitions of Bi and q it follows that Bi = C{p — k + l,p — 1) L) 
C(l, a + n — 3) and xxp-k ^ -D. Therefore a;p_fc+„_2a; G £> by (*). Together with (14) this implies that 
p— k + n — 2 = n — k — 1 > 1 (i.e., n > k + 2 and Xp-k+n-2 = Xn-k-i)- Therefore, ii t ^ p — k, then 
C„ = xXp-k-d ■ ■ ■ XgXtXtj^i . . . Xn-k-iX {d := f{s + l,t — 1)), a contradiction. Hence, t = p — k and this 
implies that s = p — k — 2. In particular, we also have 

A{xp-k ^C{p-k + 2,p-l))= 0. 

If Xp-kXa+i e D, where i G [1, n - 3], then C„ = Xp-feXa+jXa+j+i . • • Xa+n-2.xXp-k-i ■ ■ ■ Xp-k by (17), 
a contradiction. Therefore 

A{xp-k C{a + 1, a + n - 3)) = 0. 

If Xp-kXi e -D, where i £ [l,a], then by Lemma 6(ii), p — k = p — 1 (i.e., k = 1 and a;p_fe+i = a;i). 
Now from (17) and (*) we obtain that a = 1 and this completes the proof of Claim 7. q 

Claim 8. Either a > 2 or 7 > 1. 

Proof. Suppose, on the contrary, that a = 1 and 7 = 0. Then from (14) and Claim 6 we find that 

id{x) < a + < a + k. 

Together with id{x) > p/2 — 1, n > 5, (28) and (29) this implies that 

m> |Bi|=a + n + A;-4> id{x) + n - 4. 

Hence id{x) = m - 1, f3 = k, n ^ 5, p ^ 2m and \Bi \ = m. Therefore Xg V{D) \ {Bi U {xg}) by (29). 
Since x ^ Bi,we obtain XgX GD,q=p — k — lhy (14), and p — k — n = a + n — 3 {in the converse case, we 
have Xp-k-n ^ -Bi, XgXp-k-n € D and C„ = XgXp-k-n ■ --Xg). Therefore A{xp^k Bi\ {xp-k+i}) = 
by Claim 7. Using this together with A{xp^k {x,Xa+n-2}) = and \Bi \ {xp-k+i}\ > m — 1, we get 
that od{Xp-k) < m — 2, a contradiction. Claim 8 is proved, q 

Claim 9. The vertex Xg does not dominate at least 7+1 vertices of C(a + n — 2,p — fc — n + 1). 
Proof. First suppose that 7 = 0. Then a > 2 by Claim 8. Therefore there is an i G [l,n — 3] such 

that Xp-k-n+l+iX e D. If XqXp-k-n+l G D, then C„ = XgXp-k-n+l ■ ■ ■ Xp-k-n+i+lXXq-n+i+3 ■■■Xg, a 

contradiction. Therefore XgXp-k-n+i ^ D, and for 7 = Claim 9 is true. 

Now suppose that 7 > 1. Then, since Xa+n-2X ^ D , it follows that a + n — 2<p — k — n. If XiX G D 
for some i G [a + n — l,p — k — n + 1], then A{xg — > {a;,_i,a;,}) = (for otherwise if XgXi G D, then 
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Cn = XqXiXXq^n+3 ■ ■ ■ Xg and if XqXi-i € D, then C„ = XqXi-iXiXXq-„+4 . . . Xq). Therefore, Xq does not 
dominate at least 7+I vertices oiC{a+n—2,p—k—n+l) since Xa+n-2X ^ D, and so Claim 9 is proved, q 

Now we will complete the proof of Lemma 6 for Subcase 2.2. 

First suppose that q > p — k. Then from Claims 1, 2, 4 and 9 it follows that Xq docs not dominate at 
least a + n + k + j — 3 vertices of the cycle C. Since XqX ^ D, we see that m>a + n + k + j — 2. From 
this and (30), we obtain 

m>a + n + k + ^ — 2>m + n — a — 2. (31) 

Then, since a < n — 2, it follows that a = n — 2 (i.e., C{p — k — n + 2,p — k — 1) x,m = a + n + fc + 7 — 2) 
and Xq does not dominate exactly 7 + 1 vertices from C{a + n — 2,p — k — n + 1) (i.e., if 7 > 1 and 
Xi e C{a + n — 2,p — k — n + 1), then XqXi ^ D ii and only if XiX G D or Xi+ix G D). From this, 
since fc > 2, 7 > and a > 1, by (31) wc obtain n < m — 1. Now using Claims 1. 2 and 4 we see 
that A{xq — >■ C{a + n — 2,p — — n + 1)) 7^ 0, because of \C{p — k — n + 2 + f{p — k,q),q\ < m — 3. 
Therefore there is an i e [a + n — 2,p — k — n + 1] such that XqXi, Xi+2X € D. Thus we have a cycle 
Cn = XqXiXi+iXi+2XXq-n+5 ■ ■ ■ Xq, which is a Contradiction. 

Now suppose that q = p — k — 1. Similarly as in Claim 9, one can show that Xp-k does not dominate 
at least 7 + 1 vertices from C{a + n — 2,p — k — n + 1). By Claim 7,s=p — k — 2,t=p — k, and 

A{xp_k -> -Bi \ {xp_k+i}) = 0- 

Therefore, since Xp-kX ^ D and \Bi \ = a + n + fc — 4 by (28), it follows that Xp-k does not dominate at 
least a + n + A; + 7 — 3 vertices. Hence m>a + n + k + 'y — 3>m + n — a — 3 and a>n — 3>2 by 

(30). Therefore Xp^kXp-k-n+2 ^ -D ( for otherwise we obtain a cycle C„ ). Thus we see that Xp-k does 
not dominate at least m + n — a — 2>m vertices, since a < n — 2. It follows that Xp^kXp-k-i € D and 
D contains a cycle C„ := xXp-k-n+2 ■ ■ ■ Xp-k-2Xp-kXp-k-iX, which is a contradiction and completes the 
discussion of Subcase 2.2. Lemma 6 is proved, q 

Main Result 

We first introduce the following notations. 

Notation. For any positive integer m, let H{m, m) denote the set of digraphs D on 2m vertices such 
that V{D) = AUB, {A) = (B) = K^, A{B ^ A) = and for every vertex xgA (respectively, y G B) 

A{x -> B) ^ (respectively, A{A -> y) ^ 0). 

Notation. For any integer to > 2, let H{m, to — 1, 1) denote the set of digraphs D on 2to vertices such 
that V{D) = AU B U {a} , \A\ = \B\ + 1 = m, A{{A)) =0, {BU {a}) C K^, yz, zy £ D for each pair 
of vertices y £ A, z £ B and either 7(a) = B and a — >^ ^ or 0{a) = B and A ^ a. 

Notation. For any integer to > 2 define the digraph H{2m) as follows: V{H{2m)) = A U i? U {x,?/}, 
{A) = {B)=Kl^_^,A{A,B)=^, 0{x)^{y]U A, I{x)=0{y)^AiJB BXid I{y) = {x]\JB. 
H'{2m) is a digraph obtained from H{2m) by adding the arc yx. 

Theorem. Let D be a digraph on p > 10 vertices with the minimum degree at least p — I and with 
minimum semi-degree at least p/2—1 (m:= \jp/2\). Then D is pancyclic unless 

^m,,n+i^^C(7r„+:^)* or p = 2m and G C K*^^^ 

or else 

D e H {m, m) U H {m, m - 1,1)U {[{Km U Km) + Ki\*, H{2m), H'{2m)} 
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Proof. Suppose that the theorem is false, in particular, for some n £ [3,p] the digraph D contains no 
cycle of length n. We recall that D is strong, hamiltonian and contains cycles of length 3, 4 and p — 1 
(see [31] and [12]). So, we have n S [5,p — 2]. Let C := Cp_i := X\X2 ■ ■ ■ Xp-iXi be an arbitrary cycle of 
length p — 1 in D and let x be the vertex not containing in this cycle. From Lemmas 1 and 3 it follows 
that d{x) = p — l,m — 1< id{x), od{x) < m and for each i e [l,p — 1], 

xxi G D if and only if Xi+n-2X ^ D. (*) 

For the cycle C and for the vertex x we first prove the following claim: 

Claim 1. There is a vertex Xi, i G [l,p— 1] (to be definite, let Xi := Xp-i) and there are positive integers 
k and a with k + a < p — 2 such that the following hold: 

A{x,Xp-i) = 0, A{x,xi) ^ 0, Xp-k-ix, xxa G D 

and 

A{{Xp-k,Xp^k+l, ■ ■ -jXp-l} x) ^ A{x -> {{xi,X2, . . ■,Xa} \ {Xa})) = 0- (32) 

Proof. Using Lemma 5, we sec that there is a vertex Xi, i G [l,p — 1], such that A{x,Xi) = and 
A{x,Xi+i) (say Xi := Xp-i). Then there are positive integers a and k such that e D. 

We can choose a and k so that (32) holds. Iffc + a > p — 1, then from od{x) = p — 1 and (32) it follows 
that {xi,X2, ■ ■ ■ , Xa} X ^ {xa, Xa+1, ■ ■ ■ , Xp-2}- Hence, Cn C D since n G [5,p — 2], a contradiction. 
Therefore, k + a < p — 2. Claim 1 is proved, q 

Claim 1 immediately implies that the conditions of Lemma 6 hold. Therefore n<p~k — a + 2 and 
if p — k — 2<i<j<p — 1, then XiXj € D if and only if j = i + (33) 
In particular, this implies that 

A{C{p-k-2,p-3) ^ Xp-i) = (34) 
Consider the digraph similarly to (34), one can show that 

A{xp-i^C{2,a + l))=<D. (35) 

Case 1. n = p — k — a + 2. 

Then n=p — k — a + 2<p — 2 implies that A; + a > 4. Prom (*) and (32) it follows that 

C{p - k - a,p - k - 1) ^ X ^ C{a, a + k-1). (36) 

Without loss of generality, we may assume that k > 2 (otherwise we consider the digraph t). It 
follows from statement (ii) of Lemma 6 that 

A{xp^2^C{l,a)) = 9. (37) 

From (34) and (35), we see that Xp-k-2Xp^i ^ D and Xp^iXa+i ^ D. Hence, since Xp-i cannot be 
inserted into the path Xa+iXa+2 ■ ■ ■Xp-k-2, using (34), (35), d{xp-i) > p — 1 and Lemma 2(iii), we get 
that 

C{l,a) ^ Xp-i ^ C{p - k-l,p-2) and d{xp-i,C{a + l,p - k - 2)) = n - 5, (38) 
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in particular, XaXp-i, Xp-iXp-k-i € D. Therefore, by Lemma 2, there is an ? S [a + l,p — k — 2] such 
that A{xp^i,xi) = and x;_ia;p_i, Xp-iXi+i G D. Let / with those properties be the smallest. By 
(36) and (38), .r.'j;„+i , Xp_iXp_2 S D. Therefore, since xxa, Xp-k-ix G D, if xi^iXp^2 G -D, then C„ = 
a;a;a . . . xi-xXp^^'Xp-ixi+i ■ ■ ■ Xp_fe_ia;, if xiXp-2 € £>, then C„ = a;a;a+i . . . xiXp^2Xp-ixi+i . . . Xp^k-ix 
and if Xp-2Xij^i G D, then C„ = xXa ■ ■ ■xi-iXp-iXp-2Xi+i ... Xp-k-ix, a contradiction. So, we may 
assume that 

A{{xi-i,xi} Xp-2) = A{xp-2 -)■ xi+i) = 0. (39) 
Prom Lemma 6(iii) it follows that 

A{C{p-k-2,p-4)^Xp-2) = 1>. (40) 

Suppose that A{xp-2,xi) = 0. Since Xp-2 cannot be inserted into the path P := XaXa+i ■ ■ ■ Xp-k-i 
and Xp-2Xa ^ D hy (37), ^ D hy (39), using Lemma 2(iii), we see that 

d{Xp-2,C{a,l-l) <l-a-l. (41) 

Furthermore, using (39) and (40), similarly to (41), one can show that 



d{Xp-2,C{l + l,p-k-l)) < 




l-l, if k = 2, 
1-2, if A;>3. 



Now by (37), (40), (41) and Xp-2X ^ D, 

d{xp-2) = d{Xp-2,C{l, a - 1)) + d{xp-2,C{a, I - I)) + d{xp^2,C{l + l,p-k- 1))+ 

d{xp^2:C{p ^ k.p — I)) + d{xp-2,x) <p — 2, a contradiction. 

Now suppose that A{xp^2iXi) ^ 0. It follows from (39) that Xp^2Xi G D. Since Xp-u-iX, Xp-iXp-2 € 
D and (36), we have if I > a + 2, then C„ = xxa+i ■ ■ ■ xi-iXp-iXp-2Xi . . . Xp-k-ix, a contradiction. Hence 
I = a + 1. If Xp-k-2X € D, then C„ = xXaXp-xXp-2Xi . . . Xp-k-2X, a contradiction. Thus we may assume 
that Xp-k-2X ^ D. Then from (36) it follows that a = 1. Then fc > 3. Prom (33) and (34), by Lemma 
2, we obtain d{xp^i, C{3,p — k ~ 1)) = p — k — 3. Using (34), (35), (38) and the minimality of Z = a + 1 
it is easy to see that A{C{2,p — 3) Xp-i) = 0. Hence id{xp-i) < 2, a contradiction. 



Case 2. n<p — k — a + 1. 

Then from xXa € D and (*) it follows that n < p — k — a (i.e., a <p — k — n). 

Notation. In the following let P := XaXa+i ■ ■ .Xp-k~i, a := si, Pi ■= Xs-^Xs-^+i ■ ■ .Xs-^+n-a and if 
z > 2, then Pi-i := Xsi_-i^Xa._^+i . . . Xa._^+n-3- For i > 2 if Si-i + n — 3 <p — k — n+1 and there is 
an Si G [si-i + 2, Sj_i + n — 3] such that xXgt G D and xXg^-i ^ D, then let P, := XsiXgi+i • • • Xst+n-a 
(the integers s,, i > 1 , with these properties chosen is as large as possible). Let r — 1 be the max- 
imal number of these Pi paths and let Pr '■= Xp^k-n+2Xp^k-n+3 ■ ■ -Xp-k-i- Since n < p — k — a, we 
have r > 2. If Sr-i+n — 3 > p—k — n+2, then we say that the path P is covered with paths Pi, P2, . . . , Pr. 

Note that each Pj path has length n — 3. By the definition of Si, i G [l,r], and (*) we have 

XXsi, Xs,+n-3X € D, Xsi+n-2X ^ D (42) 

and xXsiXsi+i ■ . . Xsi+n-3X is a cycle of length n — 1, where Sr ■= p — k — n + 2. 



We now divide the Case 2 into two subcases. 
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Subcase 2.1. The path P is covered with paths Pi, P2, Pr- 



Notation. In the following , let := C(l, si), := C(si + 1, Si + n - 4), Ar+i := C{p - k - l,p - 2) 
and Ai := C(si_i + n - 3, Sj + n - 4) if i G [2,r]. 

It is easy to sec that C(l,p — 2) = U[l|rg^i and Ai Ci Aj = $ for each pair of distinct i, j £ [0, r + 1]. 
From n > 5 and C„ ^ it follows that if i e [2, r], then \Ai\ = s, - > 2 and if z e {0, 1, r + 1}, then 
> 1 (|Ai| = n — 4). It is not difficult to see that Xp^i cannot be inserted into no subpaths of P with 
vertices set Ai for all i G Therefore, using (34), (35) and Lemma 2, we obtain 

4 W / l^^l' »e {l,r} 
c^(..-i,A,)<| i^^i^^^ ,e[2,r-l]. 

First let us prove the following Claims 2-5. 
Claim 2. Xp-iXp-k-i G D. 

Proof. Suppose, on the contrary, that Xp-iXp-k-i ^ D. From (34) and (35) it is easy to see that 
d{xp-i,Ar+i) < \Ar+i\ and d{xp-i, Aq) < |Ao| + 1. Then, since p — 2 = ^^^q and 

r+1 

p-1 < d{xp-i) = y^^d{xp-i,Ai), 

from (43) it follows that there is an f e {0} U [2, r - 1] such that rf(,Tp_i, A() = \At\ + 1. 

Suppose first that t E [2,r — 1]. Then, since .Tp_i cannot be inserted into the subpath C[xst_-^+n-3, 
a;sj+„_4], from d{xp-i, At) = \At\ + 1 and Lemma 2(ii) it follows that Xst+n-iXp-i and Xp-iXst_i+n-3 G 
D. Therefore for each i G [1, t — 1] and for each I G [t, r] it is easy to see that 

Xs^+n-4Xp-i ^ D and Xp-iXs^+n-s i D. (44) 

Indeed, in the converse case, by (42) we have if Xs^+n-iXp^i G D, then C„ = xxs-x^.+i . . .Xg^+n-AXp-i 
Xat_i+n-3X and if Xp-iXsi+n-s G -D, then C„ = xXg^Xst+i ■ ■ .Xst+n-AXp-iXsi+n-^x, a contradiction. 

Using (34), (35), (44) and Lemma 2, we obtain 

' 1^,1-1, if iG{l,r}, 
d{xp--L,Ai)<l \Ai\, if ie[2,r+l]\{r,t}, 
_ \Ai\ + l, if iG{0,t}. 

r+1 r+1 

Therefore p — 1 < d{xp-i) = d{Xp-i,Ai) < \Ai\ = p — 2, a contradiction. 

j=o i=0 

Now suppose that t = 0. Then from (35) and d{xp-i,Ao) = \Ao\ + 1 it follows that Aq — >■ Xp-i. Hence 

Xp-iXs-+i ^ D for each i G [l,r] (otherwise by (42), Cn = xxs^Xp-iXs,+iXs,+2 ■ ■ ■ Xsi+n-3,x). Now we 
decompose the set C(si + l,p — k — 2) into subsets Bi, where Bi := C{si + 1, Si+i) if z G [l,?" — 1] and 
Br := C(sr + 1, Sr + n — 4). Note that Xp-i cannot be inserted into no subpaths of the path P with 
vertex set Bi. Therefore, using (34), Xp-iXg^+i ^ D, Xp-iXp-k-i ^ D and Lemma 2, we obtain 



\Bi\, if zG[l,r-l], 
\BA-1, if i = r. 



d{xp-i,Bi) < 
Hence it is not difficult to see that 

r r 

p-l< d{xp_i) = ^d{xp--L,Bi) + d{xp--L,AoUAr+i)) <^\Bi\ + |AoU <p-2. 



i=l 
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which is a contradiction and completes the proof of Claim 2. q 



Claim 3. If z G [i-,r], then Xsi+n-4Xp-i ^ D. 

Proof. Indeed, otherwise Xsi+n-4Xp-i € D and C„ = xXs^Xsi+i ■ ■ ■ Xsi+n-4 Xp^iXp^k-ix by (42) and 
Claim 2, a contradiction, q 

Claim 4. Xg^Xp^i £ D. 

Proof. Suppose, on the contrary, that Xs^Xp-i ^ D. Then from (35) it follows that d(xp_i, Ao) < \Aq\. 
Since Xp-i cannot be inserted into no subpaths of P with vertex set Ai, i £ [1, r], using (34), (35), Claim 
3 and Lemma 2, we obtain 



d{xp-i,Ai) < < 



if zG{0}U[2,r], 
\Ai\ - 1, if i = 1, 
|Ai| + l, if i = r + l. 



Hence 

r+l r+1 

p — 1 < d{xp-i) = ^ (i(a;p_i, Aj) < ^ = p — 2, a contradiction. 

i=0 i=0 

Claim 4 is proved, q 

Claim 5. If i € [1-,r], then a;p_ia;si+i ^ £>. 

Proof. Indeed, otherwise Xp-iXg^+i € D and C„ = a;a;sia;p_ia;sj+i . . .Xsi+n-ax by Claim 4 and (42), a 
contradiction, q 



Prom (34), (35), Claim 3 and Lemma 2 it follows that 

d{xp-i,Ai) < < 



A,\-l, if i = l, 
Ai\+1, if jG{0,r + l}, 
[ if iG[2,r]. 



Therefore 

r+l r+l 

P-1< d{xp-i) = J2 d{xp-i,Ai) < ^ l^il + 1 = p - 1. 

i=0 i=0 

It follows that rf(a;j,_i) = p — 1 and 

f |Ai|-l, if i = l, 
d{xp-i,Ai)=l \A,\+1, if iG{0,r + l}, (45) 
[ \Ai\, if iG[2,r]. 

Using this together with (34), (35), Claim 3, the definitions of sets A, and Lemma 2 it is not difficult to 
see that 

^0 Xp^i Ar+i U {Xs^+n-3, Xs^+n-3, • • • , Xs^+n-s}- (46) 

Hence, by Claim 5, for all i G [2,r] we have Xsi+i ^ Xsi_i+n-3- 

We will now prove the following: 
Claim 6. A{xp-i,{xsi+i,Xsi+3, ■ ■ ■,Xp-k-2}) = (p - fc - si is odd) and 

{Xsi,Xsi+2, ■ ■ .,Xp-k-3} -)■ Xp-i -)■ {Xs-,+1,Xs-,+i, ■ ■ .,Xp-k-\}. 
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Proof. Using the definition of Sj, Claims 2-5, (46) and d{xp-i) = p — 1 it is not difficult to show that 
for n = 5 Claim 6 is true. 

Assume that n > 6. To prove Claim 6 for n > 6, it suffices to prove Claims 6.1-6.4. 

Claim 6.1. If Z G [l,r — 1], i G [s; + 1, s; + n — 4] and Xi-iXp-i e D, then Xp-\Xij^2 ^ D. 
Proof. Suppose, on the contrary, that I & [1, r — 1], i e [s; + 1, s; + n — 4] and Xi-iXp-i, Xp-iXi+2 & D. 
Without loss of generality, we may assume that i is as maximal as possible. If Xsi+n-ix G -D, then 
Cn = xxs, ■ ■ ■ Xi-iXp-iXi+2 ■ ■ ■ Xsi+n-ix., & contradiction. Therefore Xsi+n-ix ^ -D, and it follows from (*) 
that xxsi+i € D. Hence Xsi+n-^Xp-i ^ D (otherwise by Claim 2, (7„ = xxsi+i ■ ■ . Xsi+n-aXp-iXp-k-ix). 
Since Xp-i cannot be inserted into the path Xsi+n-2Xs,+n-i ■ ■ ■Xsi^:i^+n-4, d{xp-i,Ai+i) = by 
(45), and Xsi_f_i+n—4:Xp—i ^ D by Claim 3, from Lemma 2 it follows that Xp—iXsi^n—2 € D. Therefore by 
Claim 5 and (46), s;+i < s; + n — 5 and Xgj+i S Ai. 

Assume that i > sj+i — 1. Since xcc^j^j-i ^ D (by the definition of Si) and xxg^ G D, we see that 
there is an t s [si + l,Si+i — 2] such that xxt & D and xxt+i ^ D. Therefore Xt+n-ix e f by (*), and 
Cn = xXfXt+i ■ . ■ Xi-iXp-iXi+2 ■ ■ ■ Xt+n-ix, & Contradiction. 

Now assume that i < si+i - 2. Since Xs,^i G Ai, Xp-i {.Xs,+„_3, Xs,+„_2}, Xp_iXs,^i+i ^ D by 
Claim 5, and the path Xsi^-^Xg^^-^-^-i . . .Xs,+„_3 cannot be extended with .Tp_i, there is an fc G [si+i + 
2, si + n — 3] such that Xp-i — > {xk, Xk+i, • • • , Xsi+n-2} and A{xp-i,Xk-i) = 0- From the maximality of 
i it follows that Xk-2Xp-i ^ D. Let I = 1. Then, since the path Xg^+i ■ ■ .Xsi+n-4 cannot be extended 
with Xp-i, by Lemma 2 we obtain 

d{xp-i,Ai) = d(xp_i,C(si + l,fc - 2))+d{Xp-i,C{k,si + n - 4)) < |Ai| - 2, 

which contradicts (45). Let now / > 2. Then, since Xp-i cannot be inserted into the path Xs,_i+n-3 
Xsi_^+n-2 ■ ■ ■ Xsi+n-i, by Lemma 2(u) we have 

d{xp-i,Ai) = d{xp-i,C{si-i + n - 3, fc - 2)) + d{xp-i,C{k,si + n - 4)) < s; - s;_i - 1 = - 1, 

which also contradicts (45). Claim 6.1 is proved, q 

Claim 6.2. If / G [l,r - 1], then A{xp-i,{xs,_i+n-2,Xs,_.,+n, ■ ■ ■ ,Xsi+n-4,}) = (s; - s;_i is even) and 

{*^Si_i-t-n— 3? *^5i_i-t-n— 1 ) * • • ) '^Si+n— 5} ^ 1 ^ {*^Si_i+n— 3? '^Si — i+n— 1 ? * • * ) ^Si+n— 5? ^^s^+n— 3}) 

where so + n — 3 := si + 2. 

Proof. Note that for alH G [si,p — fc — 2], 

\A{xi -s- Xp-i)\ + \A{xp-i -)■ Xi+i)\ < 1, (47) 

since Xp-i cannot be inserted into no subpath of P with vertex set Ai, I G [1, r]. 

We prove Claim 6.2 by induction on I. Assume that I = 1. We first show the following statement: 
(a). For all i G [si, Si + n — 4] the vertex Xp-i is adjacent at most with one vertex from {xi, a;,+i}. 
Proof of (a). Suppose that Statement (a) is not true. Then for some i G [si, si + n — 4] the vertex Xp-i 
is adjacent with Xi and Xi+i. Then by (47), we only need to consider the following three cases: 

(i) Xp-i {xi,Xi+i}; (ii) {xi,Xi+i} ->■ Xp-i; (iii) Xp-iXi,Xi+iXp-i G D. 

We show that all these cases cannot occur. 

(i) Xp-i — > {xi,Xij^i}. Let i with these properties be the smallest. Prom Claims 4 and 5 we have 
Xp-iXsT^+i ^ D and Xg-^^Xp-i G D. Therefore i > si + 4 by Claim 6.1. Now from (47), Claim 6.1 
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and the minimality of i it follows that A{xp-i,Xi-i) = 0, Xi-2Xp-i ^ D. Hence, since the paths 
Qi := a;si+ia;si+2 • • • Xi^2 and Q2 := +„_4 cannot be extended with Xp-i and a;p_ia;si+i ^ 

(Claim 5), Xs^-^-n-4Xp-l ^ D (Claim 3), using Lemma 2, we obtain 

d{xp-uAi) = d{xp-i,Qi) + (i(a;p_i, Q2) < IQil - 1 + |(32| = |^i | - 2, 

which contradicts (45). 

Similarly we obtain a contradiction for the cases (ii) and (iii). Statement (a) is proved. 

From statement (a) and Claims 3, 5 it follows that A{xp^i,{xsi+i,Xs-i+n-A] = 0- Therefore by 
Lemma 4b and d{xp-i, Ai) = \Ai \ — 1 (by (45)) we have n is odd and 

A{Xp-i,{Xs-,+l,Xs-,+i-,. . . ,Xs-,+n-i]) = 0, 0{Xp-i,Ai) = I{Xp-i,A-i) = {Xs^+2,Xsi+i, . . . ,Xsi+n-5}- 

Hence Claim 6.2 is true for 1 = 1. 

Now assume that Claim 6.2 holds for / — 1, 2 < / < r — 1, and prove it for /. By (46), Xp-iXsi_i+n-3, 
Xp-iXsi+n-3 S D, and by the inductive assumption, Xsi_i+n-5Xp-i G D. Therefore by Claim 6.1, 
Xp-iXs,_i+n-2 ^ D. Now similarly to Statement (a) we can prove the following Statement (b): 

(b) . For all i € [s;_i + n — 3, s; + n — 4], Xp-i is adjacent with at most one vertex from {xi, Xj+i}. 

From (46) and statement (b) it follows that A{xp-i,{xgi_^+n-2,Xsi+n-4}) = 0- Now from Lemma 
4b, since d{xp-i,Ai) = \Ai\ by (45), it follows that for all I G [2,r — 1], si — s;_i is even and 

A[Xp-i, {Xs,_j+„_2, 2;s,_i+ra) • ■ • ) ^si+n—i}) = 0) 
0{Xp-i,Ai) = I{Xp-i,Ai) = {Xs,_i+n-3, Xs,_i+n-l, Xgi+n-b}- 

Claim 6.2 for 2 < Z < r — 1 is proved and this completes the proof of Claim 6.2. q 
Claim 6.3. If i G [sr + l,Sr + n — 5] and Xi-iXp-i e D, then Xp-iXi+2 ^ D. 

Proof. Suppose that i G [sr + l,Sr + n — 5] and Xi-iXp-i,Xp-iXi+2 G D. If xXs^-2 G D, then 
Cn = xXs^-2Xs,^-i ■ ■ ■ Xi-iXp-iXi+2 ■ ■ ■ Xp-k-ix, & contradictiou. Hence xXs^-2 ^ D and Xs^+n-4X G D 
by (*). From Claims 3 and 6.1 it follows that i > s^-i + n — 2. Let d := f{sr, Sr-i + n — 4). Therefore, 
since Xp-iXs^_-,+n-3 & D by (46), if d is even, then C„ = xXs-,Xs-,+i ■ ■ . Xsj^+dXp-iXs^_^+n-3 ■ ■ -Xg^+n-iX 
and if d is odd, then C„ = xXs^Xsi+i ■ ■ ■ Xg^+d-iXp-i Xs^-^n-3 ■ ■ ■ Xp-k-ix by Claim 6.2 and (46), a con- 
tradiction. Claim 6.3 is proved, q 

Claim 6.4. A{xp-i, {xs^_i+n-2,Xs^_i+n, Xsr+n-4}) = {sr - Sr-1 is even) and 

i^Xsr-i+n—3^ Xsr-i+n—1^ * • * ) Xsr+n—^} ^ Xp—l Y "(^Sr-i+n— 3? ^Sr-i+n— 15 • • • ? Xsr+n—5^ ^Sr+n— s}* 

Proof. Prom Claim 6.2 we have Xs^_i+n-5Xp-i G D. Hence, Xp-iXs^_i+n-2 ^ D hy Claim 6.1. Then, 
since d{xp-i,Ar) = \Ar \ by (45), Xp-k-2Xp-i ^ Dhy (34), using Lemma 2 we obtain Xs^_i+n-3Xp-i G D. 
Again using Lemma 2, Claim 6.3 and (45), similarly to Satament (a), we can prove the following statement: 

(c) . For all i G [sr-i + n — 3, Sr + n — A], Xp-i is adjacent at most with one vertex from {xi, Xi+i}. 

By (46), Xp-i {xs^_i+n-3,Xs^+n-3}- Therefore, A{xp-i, {xs^_^+n-2,Xsr.+n-4}) = by Statement 
(c). Together with (45) and Lemma 4b this implies that 

Oi^Xp—-^ , AfJ = /(s^jj—i , Aj-^ = -[a?g^_^_|_^_3, Xs^_i-\-n—l^ • * • ) '^Sr+n— s}* 
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Claim 6.4 is proved and hence the proof of Claim 6 is completed, q 



From Claim 6, d{Xp-i) = p — 1, 6°{xp-i) > p/2 — 1 and (46) it follows that 



|A;-si| < 1. 



(48) 



Claim 7. Si := a= 1. 

Proof. Suppose, on the contrary, that a > 2. Then xix € D and from Claim 6 it follows that 




} Xp-i. 



(49) 



Prom this it is easy to see that a > 3 (otherwise a = 2, a + n — 3 = n—l and C„ = xiX2 ■ ■ ■ Xn-iXp-iXi). 

If X2X e -D or XXa+l G D, then C„ = XXaXa+l . . .Xa+n-5Xp-lXiX2X OT C„ = XXa+1 ■ . . Xa+n-3Xp-lXiX 

by (49), a contradiction. So wc may assume that a > 3, X2X ^ D and xXa+i ^ D. Together with 
(32) this implies that d{x,C{l,a + 1)) < a + 1. By Claim 6, Xp^iXa+2 G D, and it is easy to see 
that the cycle C Xp_iXa+2Xa+3 ■ ■ ■ Xp-2Xp-i has length at least n — 1. Using Lemma 1 we ob- 
tain that d{x,V{C'j) = \V{C')\, d{x,C{l,a + 1)) = a + 1 and Xa+ix G D. Hence it is clear that 
2:32; e D. From (48) and a > 3 we also have k > 2. Then by (*), xxg^+i G D. If n > 6, then 
C„ = xXs^+iXs^+2 ■ ■ ■ Xp-k-3Xp-iXiX2X3X by Claim 6, a contradiction. So, we may assume that n = 5. 
It is easy to see that a = 3 and x^x e D (if a > 4, then by (46) X4Xp-i G D and C5 = Xp-xXiX2XzXiXp-x). 
Since n = 5 and the path P is covered with paths Pi, P2, . . . , it follows that x — >■ {x^, x^, . . . , Xp-k-z}- 
It is not difficult to see that if XiX2 G D for some i G [5, p — A; — 2], then C5 = xxiX2XsX4,x or 
C5 = xa;i_ia;8a;2a;3a; respectively for odd i and for even i, a contradiction. Thus we may assume that 
A({.X5, xg, . . . ,a;p_fc_2} —5- a;2) = 0. Together with Lemma 6(ii), (35) and XX2 ^ D this implies that 
I{x2) C {x3,a;4,a;i} (i.e., id{x2) < 3), a contradiction. Claim 11 is proved, q 

Claim 8. k = l. 

Proof. Suppose that Claim 8 is false, that k >2. Then from (48) and Claim 7 it is easy to see that 
k = 2. Note that Xp-^x G D and Xp-2X\ ^ D. By Claim 6, Xp-ix^ G D. Hence if xiXp^2 G D, then 

C„ = xxiXp_2a;p-ia;3 . . . a;„_2a; by (42), a contradiction. Thus A{xi,Xp-2) = 0- By (46), Xp-iXp-z 
and a;p_ia;„_2 G I?. Now from Xp-iXn-2 G I? and Claim 6 it follows that Xn-2Xp-i G D. There- 
fore if a;p_2a;2 G D, then C„ = a;2a;3 . . . Xn-2Xp-iXp-sXp-2X2, a contradiction. So we may assume that 
Xp-2X2 ^ D. Then, Since — 4*^p — 2 

^ by (33), and the path a;2a;3 . . .Xp-i cannot be extended with 

Xp-2 (otherwise some Pi, i G [i,r], path can be extended with Xp_2 and C„ C D), from Lemma 2 it fol- 
lows that d{xp^2, {x2, X3, . . . , Xp^i}) < p — 6. Now from d{xp^2) > P ^ 1, Xp^2X ^ -D and A(,Tp_2. ■'J^i) = 
we obtain that Xp-iXp-2 and Xp_2a;p-3 G D. By Claim 6 we also have Xn-iXp-i G I? . Therefore 
C'n = XX1X2 ■ . . Xn—4Xp—\Xp—2Xp—3X, a contradiction. Claim 8 is proved. □ 

Now we shall complete the discussion of Case 2.1. 

Using the Claims 6-8 it is not difficult to sec that p = 2m + 1 and n is odd (if n is even, then by Claim 
6, Xn-iXp-i G D and C„ = Xp-iX\X2 ■ ■ .Xn-\Xp-\). Now we consider the cycle C := xx\X2 ■ ■ .Xp-2X 
of the length p — 1. It is easy to see that for this cycle C we have the considered Subcase 1.2. Then 
analogously to Claim 6, we obtain 



{a;i,a;3,...,a;p_2} ->■ a; {a;i,a;3, . . . ,a;p_2}, ^(a;, {a;2,a;4, . . . ,a;p_3}) = and 



A{{{x,X2,Xi, . . .,Xp-: 



3,Xp-i})) =<D, i.e. 



K* 



m,m+l 



This contradicts the our initial supposition, and completes the discussion of Case 2.1. 



19 



Case 2.2. The path P cannot be covered with paths Pi, P2, Pr-i, Pr- Then n <m+l. 

Remark. It is easy to see that in digraph ^) the path Xp-k-iXp-k-2 ■ ■ ■ Xs^+iXsi also cannot be covered 
with corresponding paths. Therefore in the further we assume that id{x) = |_p/2j := m. 

For convenience, in the following let q := Sr-i- From the maximality of q it follows that if Xj € Pq 
and XX j G D, then x C{q,j). Since xXp-k-n+i ^ D, xXq € D and g + n — 3<p — fc — n + 1, there is 
an s S [q,p — k — n] such that 

xxg+i ^ D and x^C{q,s). (50) 

Therefore 

Xs+„-ix€D and A{C{q + n - 2,s + n - 2) ^ x) = 9 by (*). (51) 

Subcase 2.2.1. s>q + n-3. 

Then f{q, s) > n — 2 and from (50), (51) it follows that 

A(x,+i ^C(.s + 3,s + n-2)) = 0, (52) 

(otherwise i € [0,n-5], Xs+iXs+3+i & D and C„ = xxs-iXs-i+i ■ . ■ Xs+i Xs+i+3 ...Xs+n-ix by (50) 
and (51)). If 2; G C{s + n — l.p — 1) U C(l,s — n + 3) and zx G D, then Xs+iz ^ D (otherwise 
C„ = xXs-n+iXs-n+h ■ ■ -Xg+izx by (50)). From this and (51) it follows that Xg+i does not dominate at 
least id{x) — id{x, C{s — n + 4, g + n — 3)) vertices from the set C{s + n — l,p — 1) U C(l, s — n + 3). 
Therefore, since Xs+ix ^ D, f{s + 3, s + n — 2) = n — 4 and (52), we have 

id{x) — id{x, C{s — n + 4:,q + n — 3)) + n — 3 < m. 

Hence 

n — 3 < m — id{x) + id{x,C{s — n + 4:,q + n — 3)). 

Together with id{x) = m and id{x, C(s— n+4, q+n—3) < 3 this implies that id{x, C(s— n+4, q+n—3) = 
n — 3. Hence s = q + n — 3 and C{q + l,q + n — 3) x. Now from q>l and Xp-ix ^ D we obtain 
that there is an i G [l,q + 1] such that XiX G D and Xi-ix ^ D. By our arguments above we have 
Xs+iXi-i G D and C„ = xXq+2 ■ ■ ■ Xs+iXi-iXiX, a contradiction. 

Subcase 2.2.2. s <q + n-4. 

From the definition of s and (*) immediately follows the following: 

Claim 9. (i) ^(x -)■ C(s + 1, g' + n - 3)) = and (ii) C{s + n - l,q + 2n - 5) ^ x. ^ 

Let hi := f{q, s — 1) and /12 := f{s,q + n — 3). Note that < hi < n — 4, /12 > 2 and hi + h2 = n — 2. 

Notation. Let Y denote the set of vertices Xi G C{q + n—l,p—l)UC{l,q—l) for which there is a vertex 
Xj G C(s+n — l,p— 1)UC(1, s — 1) such that xjx G D and the path XiXi+i . . .xj has at most hi + 1 vertices. 

From Claim 13 and f{q + n — 1, s + n — 2) = hi it follows that C{q + n — 1, s + n — 2) CY. 

Claim 10. A{xq+n-3 ~^Y) = $ and |y| < m. 

Proof. Suppose that A(xq+n-3 Y) ^ id, that is Xq^-n-s^i G D for some Xi G Y. Then by the 
definition of Y there is a vertex xj G C{s + n — l,p — 1) U C(l, s — 1) such that xjx G D and the path 
XiXi-^.l . . .Xj contains at most hi + 1 vertices. Therefore C„ = Xq+n-3XiXi+i . . . XjXXq+d-iXq+d ■ ■ ■ Xq+n-3 
by (50), where d := |{a;,,a;i+i, . . . ,Xj}\ , a contradiction. This proves that A{xqj^n-3 ^ 1^) = 0. Hence 
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it is clear that \Y\ < m. The claim is proved, q 

Notation. For each t G [0, /12 — 1] let Rt denote the set of vertices Xi ^ C{q + n — 2,q + 2n — 5) for which 
Xi-t C{q + n-2,s + n-l) and xxi-t G D, and let Z := uJ'^q ^i?t. 

Claim 11. If t e [0, /12 - 2], then A{Rt Xq+n-2) = (i.e., A{Z Xq+„-2) = 0) and \Z\ < m. 
Proof. Suppose that the claim is false, that is i G [0, ^ 2] and there is a vertex Xi € Rt such that 
XiXq+n-2 G D. By thc definition of Rt we have xXi-t S D and, by Claim 9(ii), Xq+2n-5-tX G D. There- 
fore C„ = xxi-t . . ■ XiXq+n-2 ■ ■ ■ Xq+2n-5-tX, & coutradiction. The claim is proved, q 

Claim 12. If Xp-i gYUZ, then n < p — m. 

Proof. Suppose, on the contrary, that Xp-i €YUZ and n > p — m. Therefore m + 1 > n > to. 

We first prove that q = si (i.e., s\ = Sr-i and r = 2). Assume that q / si. By the definition of Sj we 
have Sj-i < 5,-2. Hence 1 < si < q—2 and g > 3. Thenp— 1 > 2n+k+q—^ since g+n— 3 < p—k—n+1. 
Prom this and TO+l>n>TOitis not difficult to see that n = m. Since n > p — m, we obtain p = 2m, 
k = Si = 1, q = 3 and q + n — 2=p — k — n + 2 = ni+l. From C„ ^ D it is easy to see that Xp^iXm ^ D 
and Xm-iXp-i ^ D. It follows from (34) and (35) that Xp-^Xp-i ^ D and a:;j,_ia;2 ^ D. Then, since 
the paths ^2X3 . . . Xm-i and Pr = Xm+iXm+2 ■ ■ ■ Xp-2 cannot be extended with Xp-i, using Lemma 2, 
(34), (35) and d{xp-\) > 2m — 1 we see that Xp-\Xm+i, Xp-iXp-2, XmXp-i, xiXp-i e D. Therefore if 
Xp-sx G D, then C„ = xxiXp-iXm+i ■ ■ ■ Xp-^x and if Xp-^x ^ D, then xXm-\ S D (i.e., s = m — 1) by 
(*), XX A G -D by (50), and C„ contradiction. This proves that q = Si. 

Let n = TO + 1 and p = 2to. Then fc = si = 1 and n — 2=p — fc — n + l= TO — 1. It is easy to see 
that XmXp-i ^ D. If Xp-i G F, then Xm-iXp-i ^ D by Claim 10, if Xp-i G Z, then x^-iXm ^ I? by 
Claim 11, and A{xm, Xp-i) = 0. Therefore, since the paths Pi and Pr cannot be extended with Xp-i and 
Xp-iX2 ^ -D by (34), XpsXp-i ^ D by (35), using Lemma 2 we obtain that xiXp-i,Xp-iXm+i G D and 
Cn = xxiXp^iXm+1 ■ ■ ■ Xp^2X, SL Contradiction. 

Let now n = to + 1 and p = 2m + 1. It is easy to see that A{xm, Xp-i) = 0, 1 < fe,si < 
2. By (34) and (35), XpsXp-i ^ D and Xp-iX2 ^ D. Therefore, since d{xp-i) > p — 1 and the 
paths X2X3 . . . Xm-i and Xm+iXm+2 ■ ■ ■ Xp-3 cannot be extended with Xp-i, using Lemma 2 we get that 

X-iXp--i,Xm-lXp-l,Xp-iXm+l € D. If Si = 2, then XiX,XX2 G D and C„ = Xm-lXp-lXiXX2 ■ ■ -Xm-lX, 

a contradiction. So we may assume that si = 1. Then xxi G D, and since ,s < g + n — 4 = to — 2, 
xXrn-i ^ -D. Hence Xp^^x <E D by (*), and C„ = .T.xi.Tp_i.x„i_|-i . . . Xp^^x, a contradiction. 

Let finally n = m. From n > p — m it follows that p — 2m, 1 < A; < 3 and 1 < si = g < 3. Since 
Cn <^ D, it is easy to see that 

Xm-iXp-i ^ D and Xp-iXm ^ i^- (53) 
Now we shall consider the cases fc = 3, k = 2 and k = 1 separately. 

Case, fc = 3. Then g = si = 1 {xq+n-3 = Xm-2) and a;p_4a;p_i ^ D by (34). Hence, since the paths 
xia;2 . . . Xm-2 and a;m_i . . . Xp-4 cannot be extended with Xp-i, from Lemma 2, (53) and (34) it follows 
that Xm-2Xp-i, Xp-\Xm-i € D, which contradicts Claim 10 or 11. 

Case, k = 2. Then p — k — n + 2~m and ,si < 2. Let ,si = 2. Then, since .Tp_3.Xp_i ^ D by (34). 
a;p-ia;2 ^ D by (35), and the paths X2X3 . . .Xm-i and XmXm+i ■ ■ -Xps cannot be extended with Xp-i, 
using (53) and Lemma 2(iii), we get that d{xp-i) < 2m — 2, a contradiction. If si = 1, then again using 
(34), (53) and Lemma 2, we obtain Xm-2Xp-i, Xp-iXm-i € D, which also contradicts Claim 10 or 11. 
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Case, k = 1. Then p — k — n + 2 = m+ l and 1 < Si < 3. 

If Si = 3, then xx^ G D and, since the paths 0:3X4 . . . Xm and Xm+iXm+2 ■ ■ ■ Xp-3, cannot be extended 
with Xp-i, using (34), (35), (53) and Lemma 2, we obtain Xp-iXp-2, XmXp-i, x-^Xp-i, Xp-iXm+i G D. 
Therefore, if xxi e D, then C„ = xx^ . . . XmXp-\Xp-2X and if xxi ^ D, then by (*) and the definition of 
s we have Xpsx G D and C„ = xxsXp-iXm+i ■ ■ ■ Xpsx, a contradiction. 

If si = 2, then xx2 G -D. Using (35), (53) and Lemma 2, we obtain X2Xp-i, Xp-iXm+i & D. 
From s < q + n — 4 it follows that xxm-i ^ D. Then by (*), Xpsx G D {p — 3 = 2m — 3) and 
C„ = xx2Xp-\Xm+i ■ ■ ■ Xp-^x^ a contradiction. 

Now assume that si = 1. If Xp-i G Y, then Xm-2Xp-i ^ D by Claim 10, and if Xp-i G Z, then 
Xp-iXm-i ^ -D by Claim 11. Since the paths X1X2 ■ ■ ■Xm-2 and Xm+iXm+2 ■ ■ ■Xp-2 cannot be extended 
with Xp-i and d{xp-i) > p — 1, using (34), (35), (53) and Lemma 2, we obtain Xp-iXm+i, xiXp-i, 
XmXp-i G D. Therefore, if xxm-i ^ D. then by (*), Xp-^x G D and C„ = xxiXp^iXm+i ■ ■ .Xp-^x and if 
xXm-i G D, then C„ = xXm-iXmXp-iXm+i ■ ■ ■Xp-4X since Xp-4X G D, a contradiction. This completes 
the proof of Claim 12. q 

Claim 13. Let Xi G C{q + n - 2,p - 1) U C(l, g - I) and xXi G D. Then 

(i) Xi+n^sXq+n-?, ^ D and (ii) if Xq+n-^Xq+d G D, where dG [0,n - 4], then Xi+dXq+n-3 ^ D. 
Proof. Assume that the claim is not true. Then (i) Xi+n-3Xq+n-3 G D and C„ = xXiXi+i . . . Xi+n-3 
Xq+n-sx; (ii) Xi+dXq+n-3 & D and Cn = xxiXi+i . . . Xi+dXg+n-sXq+d ■ ■ ■ Xq+n-4X, & Contradiction. □ 

Claim 14. If xXq^n-4 ^ D (i.e., s < q + n — 5), then A{C{q, s) Xq^n-s) = 0- 

Proof. By (*), Xq+2n-6X G D. If the claim is not true, then XiXqj^n-s, G D, where Xi G C{q,s), and 
XXi G -D by (50). Hence C„ = xXiXq+n-3Xq+n-2 ■ ■ ■Xq+2n-6X, a contradiction, q 

Notation. For all j G [l,n — 2] let Hj denote the set of vertices Xi ^ {xqj^n-2,Xq+n-i\ for which 
a;,+j_i ^ C{q + n — 2, g + 2n — 5) and Xi+j-ix G D. 

Claim 15. If 

xXqj^n—i G D and Xqj^2n—i—jXq+n—2 G D, where j G [l,n — 3], then A(xq+n—2 ~^ Hj) — 0. 
Proof. If the claim is not true, then Xq+n-2Xi G D, where Xi G Hj, and C„ = xxq+n-i ■ ■ ■Xq+2n-4-j 
Xq-\-n—2 Xi . . . Xi-\-j — \X, a contradiction. □ 

Further, let ai := \0{x) ("1 C(g + n - 2,s + n - 1)| and a2 := \0{x) n C(s + n,g + 2n - 5)|. 

Note that a\<h\ + 2 and 0:2 < /12 — 2 . 

Claim 16. s > g + 1. 

Proof. Suppose, on the contrary, that s = q. Then /12 = n — 2 > 3 and ai < 2. By Claim 9(ii), 

C{q + n-l,q + 2n-5) ^ X, i.e., |/(a;) n {a;q+„_2,a;g+„_i, . . . , a;g+2„-5}| = n - 3. (54) 

Note that if Xi ^ C((; + n — 1, g + 2n — 5) and XiX G D, then e i?i and Xi-i G i?2- Therefore 
= \H2\ = m — n + 3 by id{x) = m and (54). From id{x) = m it follows that there is a vertex 

Xj ^ C{q + n — 2, q + 2n — 4) such that xjx ^ D. From this we obtain that the set U^Jj^ffj (respectively, 
^7=1 i^2-^i) "Contains at least n — 3 vertices which are not in Hi (respectively, H2). Now it is not difficult 
to show the following inequalities: 

n-2 n-2 

a). \[jHj\>m and b). if iG[l,n-2], then | |J Hj\>m-1 (55) 
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and 

n-3 

if xXq+n-2 G D, xXq+n-1 ^ D, then I > m. (56) 

i=i 

From xXq-i ^ D, s = q, Claim 9(i) and p > 10 it follows that 

0{x)n{Xq+n,Xq+n+l,...,Xg-2} 7^0. 

By Claim 9(i) and the definitions of ai, a2 we have 

od{x, C{q + 2n - 4,p - 1) U C(l,g)) = od{x) - ai - a2- 
Therefore |-Ro| = od{x) — a.\ — and |-Ri| > od{x) — a\ — a^- Note that 

n— 3 



{a;g+i,a;q+2, . . . ,a;g+„_3} C [J -R*. 



t=i 



Now it is not difficult to see that for each j e [0, 1] the following inequality holds 

n-4+j 

I [J Rt\{xq+2n-h+3\\>od{x)-a\-a2-\-n-2>. (57) 
We now distinguish several cases. 

Case 1. xXqj^n-1 ^ D. Then ai < 1 and (X\+ < n — 3. From Claim 11 and (57) it follows that 

n— 4 

TO > I U -Rt I + 1 > od{x) — ai — a2 + n — 2. 

Now it is easy to see that ol\-\-q.2 = n — 3, (in particular, a;a;g+„_i e -D), od{x) = m — 1, p = 2m and 
by Claim 11, id{xq+n-2) < m — 1 and C(g + n--l,g + 2n — 5) — )• a;g+„_2. Therefore Claim 15 holds. 
On the other hand, by (55b) we have | U"J]^ Hi\ > m — 1. Then, since Xq+n-2X ^ D, we obtain that 
od{xq+n-2) < m — 1 by Claim 15. Therefore d{xqj^n-2) < 2m — 2, a contradiction. 

Case 2. a;a;q+„_2 € D. Note that, by (*), Xq+2n-iX ^ £) and similarly to Claim 15 , one can show that 

A{Xq+n-2 ^ Hn-2) = 0- (58) 

For each f e [1, n — 3] it is easy to see that 

A{Rt \ {Xq+2„-4} 0. (59) 

Indeed, if XiXq+„-i e D for some Xi ^ Rt \ {a;g+2n-4}) then Xq+2n-A-tX G -D by (54), and C„ = 
xxi-tXi-t+i . . . XiXq+n-i ■ ■ ■ Xq+2n-i-tx, & Contradiction. 

Ccise 2.1. xxq+n-i ^ D. Then ai = 1. From (57) and (59) we have 

n — 3 

m - 1 > \ [J Rt \ {xq+2n-A}\ > od{x) - Ui - a2 + u - ^. 



t=l 



It follows that a2 = n — 4 (i.e., x — > C{q + n,q + 2n — 5)), od{x) = m—1), p = 2m, id{xq+n-i) < m — 1 and 
C{q + n,q + 2n — 4) — >• Xq+n-i- This implies that A{xq+n-i — >■ Hj) = for each j e [l,n — 3] (otherwise 
if Xi e Hj and a;g+„_ia;j e £>, then C„ = xxg+n ■ . .Xq+2n-s-jXq+n-iXiXi+i . ..Xi+j-ix). Hence, using 
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(56), we get od{xq+n-i) <m—l. So d{xq+n-i) < 2m — 2, a contradiction. 

Case 2.2. xxq+n-i G D. Then ai = 2. 

Suppose that a2 =n — 4 (i.e., x — >■ C((j' + n — 2, g + 2n — 5)). Note that A{{xq+2n-4, ■ ■ ■ , Xq+sn-r} 
a;) = by (*). For each j G — 2] it is easy to see that A{xq+2n-5 — >■ Hj) = (otherwise if Xi € .ffj 
and Xq-^-2n-5Xi G D, then C„ = xxq+n+j-s ■ ■ ■ Xq+2n-5XiXi^i . . . Xi+j-ix). From this and (55a) it follows 
that .Xq+2ri-5 Xq-^-n-2 G D. Then it is easy to see that A{xq+n-2 — > Hj) = for each ) G [l,n — 3]. 
Therefore from (55), (58) and Xq+n-2X ^ D it follows that orf(.Tg+„_2) < p/2 — 2, a contradiction. 

Now suppose that a2 < n — 5. li C{q + n — l,q + 2n — b) ^ Xq+n-2, then, since Xq+n-2X ^ -D, from 
(55a), Claim 15 and (58) it follows that od{xq+n-2) < p/2 — 2, a contradiction. So we may assume that 
there is an I G [l,n — 3] such that Xq+2n-4-iXq+n-2 ^ D. Hence, using Claim 11 and inequality (57) 
(when j = 0), we obtain a2 = n — 5, od{x) = m — 1, p = 2m, id{xq+n-2) < m — 1 and 

C{q + n-l,q + 2n-5)\ {xq+2n-4-i} Xq-\-n—2' 

Therefore, A{xq+n-2 Hj) — for each j G [1, n — 3] \ {1} by Claim 15. Hence from (55b), (58) and 
Xq+n-2X ^ -D it foUows that od{xq+n-2) < m — 1. Thus we have d{xq+n-2) < 2m — 2, a contradiction. 
Claim 16 is proved, q 

Notation. Let xi ^ C{q, g + n — 3) be a vertex such that xix G D and the path xiXi+i . . .Xq is as short 
as possible, and let 

l3i:=\I{x)r)C{q,s-l)\, l32 := \I{x) D C{s,q + n - 3)\ and b + 1 := \{xi,xi+u . . . ,Xq-i}\. 

Claim 17. \Y\>m- 132 + hi. 
Proof. Using (51) it is easy to see that 

\I{x) n {Xs+n-l-,Xs+n-, ■ ■ ■ ,Xl}\ = m - Pi - ^2, 

C(g + n - 1, s + n - 2) U {I{x) n {xs+n-i }) C Y. (60) 

If 6 > then Y contains at least (3\ vertices from the set {xu xi+\,xi+2-, ■ ■ ■ , Xq-i} \ {xi} and 

\Y\ > \I{x) n {Xs+n-l,Xs+n, ■ ■ ■ , Xi}\ + hi + (3i >m- h + hi. 

Therefore Claim 17 holds for b> ^i. So we may assume that 6 < /3i — 1. It is clear that /3i > 6 + 1 > 1 
and 

{xi,Xl + i,Xl+2,---,Xq-l} CY. (61) 

Suppose that 

\{xs+n-i,Xs+n,---,xi}\ < id{x) - 02 - b - 1 = id{x) - (/3i + P2) + Pi - b - 1. 

Then from Pi — b < hi, (60), (61) and the definition of F it follows that Y = {xq+n-i,Xq+n, ■ ■ ■ ,Xq-i}, 
\Y\ = p — n and Xp-i G Y. By Claim 12, n < p — m (i.e., m < p — n). On the other hand, |F| < m by 
Claim 10, and hence p — n < m. This contradicts that m < p — n. 
Now suppose that 

\{Xs+n-l,Xs+n,---,Xl}\ > id{x) - {Pi + P2) + Pi - b. 

Then, since Pi — b < hi, at least Pi — b vertices from Y n {xs+n-i,Xs+n, ■ ■ ■ ,xi} are not dominate the 
vertex x. Therefore, by (60) and (61), 

\Y\ >id{x)-{pi+p2) + {Pi-b) + b + hi>m-p2 + hi, 
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and Claim 17 is proved, q 
Claim 18. hi < h2 - 2. 

Proof. Suppose, on the contrary, that /ii > /12 — 1- Note that /i2 > 2, /ii > 1 and s > q+1. 

Let Fq := 0{x) n {xq+n-2,Xg+n-i, ■ ■ ■,Xq--i} and if j > 1, then let Fj := {xi/xi-i G -Fj-i}- 

Using Claim 9(i) we see that for all j > 0, 

\Fj\ = od{x) - hi - 1. (62) 

We now show that 

xxq+n-i & D (i.e., s = q + n — 4:) or Xq+n^^x^D. (63) 

Suppose, on the contrary, that is xXqj^n-i ^ D and Xq^^-iX e D. Then /i2 > 3, /ii > 2, n > 7 and 
by (*), A{x -H- {a;,_2, Xg-i}) = 0. Therefore Fi n C(g, g + n - 3) = 0, i e [0, 2], and from (62) it follows 
that for each pair of distinct i,j e [0, 2] the following holds 

\F,(JFj\>od{x) -hi. (64) 

From /32 < ^2 < hi+1 and Claim 17 it follows that |y | > m— 1. Then by Claim 10, Xg+„_3 —5- {Xg+j, Xq+j} 
for some distinct i,j G [0,2]. Therefore >l(Fj U Fj — >• cCq+^-a) = by Claim 13. Hence, using (64), 
xXqj^n-3 ^ D and Claim 14, we see that id{xq+n-3) < p/2 — 2, a contradiction. So (63) is proved. 

Let xXq+n-4 ^ D (i.e., s < g + n — 5). From (63) we have Xg+n-4X ^ D, A{x,Xq+n-4) = and 
02 < h2- 1. Recall that \Y\ < m (Claim 10) and |y| > m - (32 + hi (Claim 17). Hence hi < /32. 
Therefore h2 — 1 < hi < (32 < ft-2 ^ 1, ^1 = /?2 = ft-2 — 1 and C{s,q + n — 5) — > x. It follows from 
Claims 10 and 17 that |y| — m and Xq+n-3 C{q,q + n — 4). Therefore if A{Fi — > Xqj^n-s) 7^ 0, then 

— XXiXi^iXq^n—^XqXq^i . . . Xq^n—^X, a contradiction. So we may assume that A{Fi Xq+n-a) = 0- 
Since xXq+n-3 ^ D, using (62) and Claim 14, we see that id{xq+n-3) < p — od{x) — 2 < m — 1. Hence 
p = 2m. On the other hand, from |F| = m and Claim 10 it follows that od{xq+n-3) <m — l. Therefore 
d{xq+n-?,) < 2™ — 2, a contradiction. 

Let now xXq+n-4 G D (i.e., s = q + n — 4). Then /12 = 2 and (52 < 2. 

Suppose first that n > 6. Then from /12 = 2 > /32 > /ii > 2 (by Claims 10 and 17) it follows that 
^2 = 2 (i.e., Xq+n-4X S D) and n = 6. By Claims 10 and 17, |F| = m and Xq^n-3 C{q, q+n — A). Since 

A{x {.Tq_2,x,_i}) = and (62), we have | U^^q -^il > oa^l-^) - + 2. It follows from Claim 13 that 
A{\J'l^QFi — > Xq^n-?,) = 0- Together with xXq-^-n-?, 4- D this implies that idixq^n-z) < P ^ 2 — od{x) < 
m — 1. Thus p — 2m. On the other hand, from |y| = m and Claim 10 we have id{xq+n-3) < m — 1. 
Therefore, d{Xq+n-3) < 2m — 2, which is a contradiction. 
So suppose next that n = 5. Note that Xg+n-3 = Xg+2- 

Let Xg+ix ^ D. If Xi G /(x) \ {xg+2}, then Xq+iXi_2 ^ D { otherwise C5 = xXg+iXi_22^i-iXix) and 
if Xi G /(x) \ {xq,Xq+2}, then Xq+iXi_i ^ ( otherwise C5 = xXqXq-|-i.x,;_i.x,;.x). Since Xq+ix ^ D, 
i(i(x) = m and the number of such vertices Xi_2 and Xi-i at least m, we obtain od{xq+i) < p — m — 2, a 
contradiction. 

Let now Xg+ix € D. Then (32 = 2 and ^(x ->■ {x,_2,Xg_i}) = by (*). By (62), 

2 

\\jFi\>od{x). (65) 

i=0 

Assume that Xg+2 — ^ {a;^, x^+i}. From Claim 13 it follows that A{L)f^QFi — > Xg+2) = 0- Together with 
(65) and xXg+2 ^ D this implies that XgXg+2 G F). It is not difficult to see that A{xg+s 7(x)\{xg+2}) = 
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0. This and Xq+^x ^ D imply that od^Xq-^^^) < p — id{x) — 1 and x<j+3X<j+2 G D. Since Xq+2 {Xq,Xq+i}, 
it foUows that A{0{x) U {x} — ;> Xq+3) 0. Hence id{xq+3) < p — 2 — od{x). Together with the fact that 
od{xq+^) <p — id{x) — 1 this gives d{xq+^) <p — 2, a contradiction. 

Now assume that \A{xq^2 — > {xqTXq+x})\ < 1. Using Claims 10 and 17, we obtain that |F| = m — 1 
and Xqj^2Xq+j G D for some j G [0,1]. Let XqX ^ D. Then xxg-a e -D by(*), and \B := I{x) fl 
{a;g+3,a;q+4, . . . ,.Tq_i}| = m — 2. From this and \Y\ = m—1 it follows that B = {xq+5,Xq+Q, . . . ,Xq+rn+2}- 
Hence Xq^ix ^ D and Xq+2Xq-i G D by Claim 10, Xq-i ^ Y. Now, since xxg^^ € D, we obtain 
A{xq-i I{x) U {x}) = 0. Thus od{xq-i) < p — m — 2, which is a contradiction. Let now XqX G D. 
Then — >■ {xq-3, Xq-2,Xq-i}) = by (*). It is not difficult to see that A{Fo U Fi U {a;, Xq+2,Xq+3} 
Xq-i}) = 0. Therefore, since |Fo U Fi\ > od{x) — 1, it follows that xXq+3 G D, \Fo u Fi| = od{x) — 1, 
Fo = {xq+3,Xq+4:,---,Xq+od(x)} and {xq,Xq+i} Xq-i- Hencc, if Xi ^ {xq,Xq+i} and xxi G D, then 
A{{xi^j,Xi^2} Xq^2) = 0- Since A{{x,Xq-i} Xq^2) = 0, we conclude that id{xq^2) < p — od{x) —2. 
On the other hand, we have A{xq+2 — )■ F U {xq+\-j}) = 0. Because of this and |F| = m — 1 we get 
od{xq+2) < p — m — 1. Therefore d{xq+2) < f> — 2, a contradiction. Claim 18 is proved, q 

Note that Claims 16 and 18 imply that n > 6. 

Claim 19. (i) Lq := A{xq+n-2 C{q + n, g + 2n - 5)) = and 

(ii) \A{Xq+2n-5 ^ Xq+n-2)\ + \A{x Xq+n-l)\ < 1- 

Proof. Note that s > g + 1 by Claim 16. 

(i) Suppose that Lq ^ 0, and let Xq^n-2Xi G Lq. By (50) and Claim 9(ii), we have if Xj G C{q + n,s + 
n — 2), then C„ = xXs-f(q+n-i.i-i)+i ■ ■ ■ Xq+n-2Xi ■ . ■ Xs+n-ix and if Xi G C(s + n — l,q + 2n — 5), then 
Cn = xxq+i . . . Xq+n-2XiX, a coutradictiou. 

(ii) Suppose that Xqj^2n-5Xqj^n-2 and xXqj^n-1 G D. Then for j = 1 Claim 15 holds (i.e., A{xqj^n-2 
Hi) = 0). Prom this. Claim 19(i) and (51) it follows that A{xq+n-2 C{q + n,q + 2n-5)U I{x)) = 0. 
Therefore, since Xq^n-2X ^ D and |/(a;)| = m, we see that od{xq^n-2) < p/2 — 2, a contradiction. Claim 
19 is proved, q 

Claim 20. If Xq+2n-4X ^ D and i G [0, 1], then \A{xq+2n-e+i Xq+n-2)\ + \A{x a;g+„_i+i)| < 1. 
Proof. Assume that the claim is false, that Xq+2n-4X ^ D, i G [0, 1] and Xq+2n-6+iXq+n-2, xxq+n-i+i G 
D. It is easy to see that if xj ^ A{q + n — 2, q + 2n — 4) and XjX <E D, then Xq+n-2Xj-i ^ D (oth- 
erwise Cn = XXq+ri-l+i ■ ■ ■Xq+2n-6+iXq+n~2Xj-lXjX ). Together with Ai{Xq+n^2,Xq+n-l} -> x) = 

(by s > q + 1 and (*)) and Claim 19(i) this implies that the vertex Xq^n-2 does not dominate at least 
id{x) + 1 = m + 1 vertices. Thus od{x) < p/2 — 2, a contradiction. Claim 20 is proved, q 

Claim 21. \Z\ > od{x) - ai + /i2 - 2. 

Proof. Let B := {xq-^-2n-iTXq+2n-3, ■ ■ ■ tXs-i,Xs}. Notc that \B\ > od{x) — ai — Q!2 + 1 and C{s + 

1, g + n — 4) C Z by xxq-i ^ D and by Claim 9(i). Hence for a2 = Claim 21 is true. Assume that 
a2 > 1. If \B\ > od{x) — ai, then at least a2 vertices of B are not in 0{x), and the set Z contains at 
least od{x) — ai vertices from B since a2 <h\— 2. Prom this and C(s + 1, g + n — 4) c Z, we obtain 
\Z\ > od(x) — Qfi + ft,2 — 2, and the claim is holds for this case. Assume that \B\ < od{x) — ai — 1. It is not 
difficult to see that Z = C \ {Xq+n-3,Xq+n-2, ■ ■ ■ ,Xq+2n-5}- Therefore, by Claim 11, m > \Z\ — p ~ n 
and Xp-i G Z. Hence, by Claim 12, n < p — m (i.e., m < p — n), a, contradiction. Claim 21 is proved.^ 

Claim 22. If Li := A{{Xq+2n-4,Xq+2n-3} ->■ a;) = 0, then Xq+2n-7Xq+n-2 ^ D. 

Proof. Assume that Li = % and .Tq+2n-7a^q+n-2 G D. Note that xxq+n-i G D by(*). Hence 
A{xq+n-2 H-i) = by Claim 15, and A{xq+n-2 C{q + n,q + 2n - 5)) = by Claim 19(i). 
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Then, since Xq+n-2x ^ D, (51) and jilal > id{x) — n + 4, we obtain that Xq+n-2 does not dominate at 
least m + 1 vertices, a contradiction. Claim 22 is proved.^ 

Claim 23. \A{x -> {Xq+n-2,Xq+n-l})\ < 1- 

Proof. Suppose, on the contrary, that is a; — >^ {a;g+„_2, a;g+„_i}. Then Li := A({a;g+2n-4, a;g+2n-3} 
a;) = by (*). Therefore from Claims 19(ii), 20 ( when 7 = 0) and 22 it follows that 

L2 := A{{Xq+2n-7^Xq+2n-QTXq+2n-h} — >■ Xq+n-2) = 0- 

Hence \Z\ < to — 3 by Claim 11, and od{x) — ai + /i2 — 2 < \Z\ < to — 3 by Claim 21. It follows from 
Claim 18 that od{x) = m — 1, h2 < cti < hi + 2 < h2- Clearly, ai = h2 = hi + 2 > 3 and \Z\ = m — 3. 
The equality ai = hi +2 means that x — > C{q + n — 2,s + n — 1) and hence by (*) we have 

^3 = A{{Xq+2n-'l,Xq+2n-3,Xq+2n-2} x) = %. 

Let i?3 denote the set of vertices Xj ^ C{q + n — 3, q + 2n — 5) for which Xj+sx £ £>. Then 
I-E3I > m — /i2 + 1 by L3 = 0. Together with Xg+„_2a; ^ D, L3 = 9 and Claim 19(i) this implies 
that Xq+n-2Xj € for some xj e -B3. If n = 6, then C„ = a;a;5+„_2a;ja;j+ia;j+2a;j+3a;, a contradiction. 
Assume that n > 7. From |Z| = m — 3, L2 = and Claim 11 it follows that Xq+2n-8Xq+n-2 € D and 
Cn = xxq+n-i ■ ■ ■ Xq+2n-sXq-\.n-2XjXj+iXj+2Xj+3X, & Contradiction. Claim 23 is proved. □ 

Claim 24. (i) xxq+n-i ^ D, Xq+2n-i,x e D and (ii) xXq+n-2 € -D, Xq+2n-iX ^ D . 

Proof, (i) Suppose that xXq+n-\ € D. Then xXq+n-2 ^ -D by Claim 23 and Xq+2n-hXq+n-2 ^ -D by 

Claim 19(ii). Together with Claims 11, 18, 21 and ai < ft-i + 1 < /12 — 1 this implies that \Z\ = m — 2, 

od{x) = m — 1, p = 2m, /ii = /12 — 2, ai = hi + 1, id{xq+n-2) < to — 1 and a;g+2n-6a^g+n-2 S .D. Since 
xXq+n-2 ^ -D and xXqj^n-i G -D, by (*) we have Xq+2n-AX e and Xq+2n-zx ^ D. 

Let El denote the set of vertices Xj ^ C(g + n — 3, g + 2n — 4) for which Xj+ix £ D. Since 

\I{x)f\C{q + n-2,q + 2n-A)\ = h2, (66) 

it is easy to see that \Ei\ > to — /i2- If Xq+n-2Xi S .D, where Xi G Ei, then C„ = a;a;g+„_i . . .Xq+2n-6 
Xq+n-2XiXi+ix, a Contradiction. So we can assume that A{xq^n-2 — > Ei) = 0. From this, Claim 19(i) 
and Xq^n~2X ^ D it follows that od{xq+n-2) < Tn. — 1. Therefore d{Xq-^-n-2) < 2to — 2, a contradiction. 
This proves that xxq+n-i ^ -D, and hence Xqjf.2n-3X G D by (*). 

(ii) Suppose that xXq+n-2 ^ D. Then |Z| < to — 1 by Claim 11. On the other hand, xxq+n-i ^ D 
by Claims 24(i), and ai < /ii < /12 — 2 by Claim 18. Therefore by Claim 21, od{x) = m — 1, p = 2m, 
Oil = hi and \Z\ — m ~ \. It follows from Claim 11 that id(xq^n-2) < to — 1 and Xq^2n—5Xq^n—2 
Then, since ai = hi and A{x — >■ {a;q+„_2, a;g+„_i}) = 0, we have xXq+n € -D. 

Let E[ denote the set of vertices Xj ^ C{q + n — 3, g + 2n — 5) for which Xj+ix e D. It is easy to see 
that \E[\ = TO — /i2 by (66), and A{xq+n-2 E[) = $ (otherwise if Xq+n-2Xj S D, where Xj € E[, then 

Cn = a;a:q+„ . . .Xq+2n-5Xq+n-2XjXj+ix). This together with Claim 19(i) and Xq^n-2X 4- ^ implies that 
od{Xqj^n-2) < m — 1. Therefore d{Xq+n-2) < 2to — 2, a contradiction. This shows that xXq+n-2 6 D, 
and hence Xq+2n-4X ^ D by (*). Claim 24 is proved, q 

Claim 25. L4 := A{xq+n-i {xq,Xq+i}) = 0. 

Proof. Suppose, on the contrary, that L4 ^ 0. It is easy to see that if Xq+„-iXq G D, then C„ = 

Xq+n-lXqXq+i . . .Xq+n-l and H Xq+n-lXq+i G D, thcn Cn = Xq+n-lXq+l . . .Xq+n-3 XXq+n-2Xq+n-l 

since xxq+n-2 € -D by Claim 24(ii), a contradiction, q 
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Claim 26. If s>q + 2, then L5 := A{xg+n-i C{s + n - l,q + 2n - 5) = <D. 

Proof. If Xq+n-iXi € I/5, then by Claim 9(ii), C„ = xXq+2Xq+3 ■ ■ ■ Xq+n-i XiX, a contradiction, q 

Claim 27. 4 D. 

Proof. Suppose, on the contrary, that xXq+n G D. Note that Xqj^2n-AX ^ D (Claim 24(ii)), s > q+1 
(Claim 16) and Xqj^2n-bXq+n-2 ^ D (Claim 20, when 7 = 1). Therefore from Claim 11 it follows that 
\Z\<m— 1. Using Claim 9(ii) and (51), we obtain 

|7(a;)nC(g + n-2,g + 2n-5)| = /i2-l and \H2\>m-h2 + l. (67) 
Now we distinguish two cases. 

Case 1. Xqj^2n-6Xqj^n-2 G D. It is easy to see that Lq := A{xqj^n-i Hj) = % (otherwise Xq+n-iXi G 

and Cn = XXq+n ■ ■ ■ Xq+2n-6Xq+n-2Xq+n-lXiXi+ix). U S > q + 2, tllCH from Xq+n-lX ^ D, (67), La = <J} 

and Claim 26 it follows that od{xq^n_i) < p/2 — 2, a contradiction. So wc may assume that s = q + 1. 
Then ai = 2 and from hi < h2 - 2 (Claim 18) and m - 1 > \Z\ > od{x) - ai + h2 - 2 (Claim 11 
and 21) it follows that 3 < /12 < 4 and 6 < n < 7. If Xq+n-iXq+n+i G D, then by Claim 24(i), C„ = 

XXq^rL—2Xq-\-n—lXq-\-n-\-l • • • 3^g+2n— 3^5 ^ Contradiction. Hence Xq-\-'n—lXq-\-'n-\-\ ^ D. If /i2 = 4, then \Z\ = 

m— 1, and using Claim 11, wc obtain Xq+nXq+n~2 £ D since Xq+2n-5Xq-\.n-2 ^ D- Therefore when /12 = 4, 

then Xq+n-lXq+n+2 ^ D (othcrwisC by Claim 24(i), C„ = XXq+nXq+n-2Xq+n-lXq^n+2 ■ ■ ■Xq+2n-2.x). 

Thus, since n = 6 or 7, we have 

L7 := A{xq+n-\ C{q + n + l,q + 2n-^)) = 0. 
From Le = 0, (67) and Xq+n-ix ^ D it follows that for all Xi ^ C{q + n — 2, g + 2n — 5), 

Xq+n-iXi € D if and only if Xi+ix ^ D. (68) 
Together with Claim 25 this implies that {xq+iXq+2} — > x, in particular, Xq+n-5X G D since 6 < n < 7. 

If Xq+n-lXq-i G D, thcu C„ = Xq+n-lXq-lXq . . . Xq+n-5XXq+n-2Xq+n-l ■ So WC may aSSUme that 

Xq+n-iXq-1 ^ f. Heuce XgX £ D hy (68). Continuing in this manner, we obtain {xq+2n-4, Xq+2n-3, • • • , 
0:5-1-2} X, which is a contradiction. 

Case 2. Xq+2n-6Xq+n-2 ^ D. Then from Xq-^-2n~5Xq+n-2 ^ D and Claim 11 it follows that \Z\ < m — 2. 
This together with Claims 21, 23 and 18 implies that h2 = hi + 2, ai = hi + 1, od{x) = m — 1, p = 2m, 

C{q + n-l,q + 2n-7)^Xq+n-2 (69) 
and if Xi ^ C{q + n — 2,q + 2n — 5), then XiXq+n-2 G D if and only if Xi ^ Z. 

We now show that s = q + 1. Suppose that ,s > q + 2. Then r?. > 8, since h2 = hi + 2 > 4. If 
XiX G D, Xi ^ C{q + 71 — 2,^+271 — 3) and Xq+n-iXi-2 G D or Xq+n-iXi-3 G -D then by (69), C„ = 

XXq-\-fi • ' • Xq-^-2n—7Xq-\-n—2Xq-\-n—lXi—2Xi—lXiX OT Cji — XXq-\-ji . . . Xq-\-2n—SXq-{-n—2Xq-\-n—lXi—3Xi—2Xi—l XiX, 

a contradiction. So we may assume that if XiX G D and Xi ^ C(g + ti — 2, g' + 27i — 3), then Lg := 
A{xq+n-i {a;i-3,a;i-2}) = 0- Since 

\I{x) n {Xq+2n-3, Xq+2n-2, Xq+2n-l, Xg+n-3}\ = id{x) - /l2 + 1, (70) 

we see that the number of such Xi-2 and Xi-3 vertices at least id{x) — /12 + 1- Therefore from Lg = 0, 
Xq+n-ix ^ D and Claim 26 it follows that od{xq+n-i) < 7n — 2, a contradiction. The equality s = g + 1 
is proved. 
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Then hi = 1 since s = q + 1. From /12 = /ii + 2 it follows that /12 = 3 and n = 6. Note that 

Xq+n-iXq+n-2 € by (69), and A{xq+ri-2 {.Tg+„,x,+„+i}) = ( Xg+n+i = Xq+2n-5) by Claim 19(i). 
From this, Xq^n-2X ^ D and (70) it follows that there is a vertex xi ^ C{q + n — 2, (j + 2n — 5) such that 
xix, Xq+n-2Xi-i € D ( respectively, Xj ^ C(g + n — 2, g + 2n — 5) such that x^a;, a;q+„_2a^'i G -D). It is 
easy to see that 

A{{Xq+n,Xq+n+\} ^ Xq+n-l) = (71) 

(otherwise if Xq+n+iXq+n-i e -D, then C„ = a;a;5+„a;5+„+ia;5+„_iXq+„_2a;ja; and if Xq+nXq+n-i e .D, 
then Cn = xXq^nXq+n-iXq+n-2Xi-iXix). On thc Other hand, if xxi S D and Xj+t ^ C((7+n— 2, q+2n—A), 
where t S [1, 2], then Xi+tXq+n-i ^ -D) since in the converse case, C„ = xXi . . . Xi+tXq+n-i ■ ■ ■ Xq+2n-i-tx, 
a contradiction. Since 

\0{x) n {Xq+2n-i,Xq+2n-S-, ■ ■ • > od{x) - 3 

and xxq-i ^ D it follows that the number of such Xi+t, t G [1,2], vertices at least od{x) — 1. Therefore, 
by (71) and xxq+n-i ^ D we obtain id{xq+n-i) < m — 2, a contradiction. Claim 27 is proved, q 

Claim 28. ai = hi. 

Proof. By Claims 24(i) and 27, Lg := A{x — ?■ {xg+n-i, Xg+n}) = 0- Suppose that Claim 28 is false (i.e., 
cti 7^ hi). Note that s > q + 1 (in particular, hi > 1) by Claim 16, and ai < /ii — 1 by ig = . Prom 
Claims 11, 21 and 18 it follows that ai = hi — 1, h2 = hi + 2, od{x) = m — 1, p = 2m and \Z\ = m. 
Using \Z\ = m and Claim 11, we obtain XiXq+n-2 & D if and only if Xi ^ Z, in particular, 

C{q + n-l,q + 2n-5)^Xq+n-2- (72) 

By Claim 24(ii), xXg^n-2 S D. Hence 1 < ai = hi — 1 and hi > 2 (i.e., s > q + 2). 
Suppose first that hi > 3. In this case it is easy to see that 

Lio := A{xg+n ^ C(s + n - 1, g + 2n - 5)) = 0, 

(otherwise if Xg+nXi G iio, then by Claim 9(ii), C„ = xxq+^Xg+i . . . Xg+nXix). Using the fact that Lg 
and ai = /ii — 1 > 2 we obtain that xxg+n+j G D for some j G [1,2]. It is not difficult to see that if 
Xi ^ djl ~\~ Ti — 2, g + 2ti — 5) and xix G .D, then Xq-\-jiXi-^i— j ^ D (otherwise by (72) and xxq+n+j G D 
we have C„ = xxq+n+j ■ ■ ■Xq+n-5Xq+n-2Xq+n-\Xq+nXi+i-jXix). Together with 

|/(x) n {Xg+2n-Z,Xq+2n-2, ■ ■ ■,Xq+n-3}\ > m - /12 + 1, 

Xq^nX ^ D and Liq = this implies that Xq^n does not dominate at least m + 1 vertices, which is a 
contradiction. 

So suppose next that hi = 2. Then from ai = /ii — 1 = /12 — 3 = 1 it follows that n = 8. From 
xXq+n-2 & D, Lg = 9 and ai = 1 we have A{x — >■ C{q + n — 1, g + n + 1)) = 0. 

For each Z G [1, 3] by R[ we denote the set of vertices Xi+i ^ C{q + n — 2,q + 2n — 4:) for which xXi G D. 
Using Claim 9(i) and the definition of ai and a2, we obtain 

3 

\[jR'i\> od{x) -ai-a2+2. (73) 

1=1 

It is easy to see that for all I G [1,3], 

Lii := A{R{^Xq+n-i) =9), 

(otherwise if Xi+iXq+n-i G Ln, then by Claim 9(ii), C„ — xxi . . .Xi+iXq+n-i ■ ■ ■ Xq+2n-i-ix). It follows 
from Lii = 0, ai = 1, (73) and xxq+n-i ^ D that | uf^^ R'i\ < m — 1 and a2 > 1. From this, (73) and 
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xXq-i ^ Z) it is not difficult to see that a2 = 2 (i.e., x — >■ {xq+2n-6iXq+2n-5}), Xq = x\ and a;g+2n-5 = 
Xp-2 (otherwise we obtain that | UjLj^ > od(x) + 1, which is a contradiction). Therefore p = 2n — 2 
(^> = 14, n = m + 1) and U;L;^i?; = {xi,X2, . . . ,x„_2}. Then, since Ln = and [ Uf^^ = m — 1 = 6, 
id(a;g-|-„_i) = n — 1 and C(g + n,p — 1) — ?■ Xq+n-i- On the other hand, since C„ I?, it is easy to see 
that 

A{Xq+n-l {Xq+n+1, . . . ,Xp-2,Xi,X2,X3,x}) = {q + n + 1 = p - 4). 

This means that od{xq+n-i) < m — 1, and hence d{xq+n-i) < 2m — 2, a contradiction. Claim 28 is 
proved. □ 

Claim 29. 5 = ^+1. 

Proof. Suppose, on the contrary, that s ^ q+1. Then by Claims 16, 24, 27 and 28 we have s > q + 2, 
ai = hi and 

x^C{q + n+l,s + n-l)U{xq+n-2}- (74) 

If Xs+n-3Xi E D, where Xi € C{s + n — 1, g + 2n — 5), then by Claim 9(ii), C„ = xXgXs+i ■ ■ . Xs+n-3 
XiX. So we may assume that 

A{xs+n-s C{s + n-l,q + 2n-f>)) = 0. 

Then, since \H2\ = m — /12 + 1, \C{s + n — l,q + 2n — b)\ = /12 — 1 and (by (51)) Xs+n-iX ^ D it is easy 
to see that 

L12 := A{xs+n-i H2) ^ 0. 

If Xq+2n-bXq+rL-2 G D, thcn by (74), Cn = XXs+n~l ■ ■ ■ Xq+2n-bXq+n-2 ■ ■ ■ Xg+n-ZXiXi+iX, whcrC 

Xs+n-?,Xi G Li2. So wc may assume that Xq+2n-5Xq+n~2 ^ Since ai — hi < h2 — 2 and Xq+2n-5 ^ -^j 
from Claims 21 and 11 it follows that \Z\ = m — \, od{x) — m — 1, p = 2m, h2 = hi + 2 and 

C(g + n-l,5 + 2n-6) ^-aig+^.a, (75) 

If s > g + 3, then .s + n - 2> q + n + 1 and C„ = xa;s+„_2 • • • Xq+2n-6Xq+n-2 ■ ■ ■ Xs+n-a^iXi+ix, where 
Xs+n-3Xi e ii2 by (74) and (75), a contradiction. Thus we may assume that 5 = ^ + 2. Therefore hi — 2, 
ft.2 = 4 and n = 8. From A{x — >■ {a;g+„_i, }) = (by Claims 27 and 24(i)) and (*) it follows that 
{xq+2n-3, Xq+2n-2} — > X. Together with n = 8 this implies that for each i G [0, 1], 

Xq+nXq+2n-5-i ^ D, (76) 

(otherwise, since xx,+„_2 G D, we have C„ = xXq+n-2Xq+„-iXq+nXq+2n-5-i ■ ■ ■ Xq+2n-2-ix). Moreover, 
it is easy to see that L13 :— ^(xq+„ Hi) — 0, where I G [2, 3] (otherwise if Xq+nXi G L13 , then by (74) 

and (75), C„ = XXq+^+l ■ ■ ■ Xq+2n-4-lXq+n-2Xq+n-lXq+nXi ■ ..Xi+i^ix). SinCC CCXg+^+i G D, by (*) WC 

have a;g+2„_ia; ^ and it is not difficult to see that \H2 U ilal > m — 2. Prom this, (76) and a;g+„a; ^ D 
it follows that od(a;g+„) < m — 2 , a contradiction. Claim 29 is proved, q 

Now we will complete the proof of Theorem 2 in Subcase 2.2.2. Note that Claims 29, 18, 24, 27, 11 
and 21 imply that s = g + 1, /12 — 2 > /ii = ai = 1 and 3 < /12 < 4 (6 < n < 7). 

Let B := {xq+2n-4, Xq+2n-3, • • • , Xq-i} and b := od{x, B). It follows from ai = 1 and Claim 9(i) that 

h = od{x) - a2 - 3. (77) 

Let E denote the set of vertices Xi^i ^ C{q + n — 2, 5+ 2n — 4), where / G [1, n — 4] , for which xxi G D. 
It is easy to see that L14 :— A{E Xq+n-i) = (otherwise XiJ^iXqj^n-i G L14 and C„ — xXiXi+i . . . 
Xi+iXq+n-i . ..Xq+2n-i-ix by Claim 9(u)). Prom this and Lg = A{x {xq+„-i,Xq+n}) = (by Claims 
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24(i) and 27), we obtain \E\ < m — 1. Remark that from x — 5- {xq,Xq+i} and xxq^i ^ D it follows 
that {xq+i,Xq+2, ■ ■ ■ ,Xg+n-3} C E. Hence if 6 > 1, then the set E contains at least 6 + 1 vertices from 

BU{Xq}. 

We now show that a2 = n — 5, i.e. 

{Xq+n+l,---,Xq+2n-5}- (78) 

Assume that a2 n — 5. Then from Lg = we have 0:2 < n — 6. Therefore b > od{x) — n + 3 > 1 
by (77), and n < m + 1. It follows immediately from the remark above that the set E contains at least 
6 + n — 2 > TO vertices. This contrary to \E\ < to — 1 and so a2 = n — h is proved. 

From a2 = n — 5 and (77) we get that b = od{x) — n + 2. It is clear that Xq+2n-3Xq+n-i ^ D, since 

otherwise, by (78) and Claim 9(ii), C„ = Xq+2n-3Xq+n-lXq+nXXq+n+l ■ ■ .Xq+2n-3- From Xq+2n-3 i- 

C{q + 1, g + n — 3) it is easy to see that (in case 6 = and in case 6 > 1) the set E contains at least 6+1 
vertices from the set B^{xq}. Thus we have m — 1 > \E\ > 6 + n — 2 = od{x). Hence od{x) = \E\ — m — 1, 
p = 2m, id{xq+n-i) = TO - 1 by L14 = 0, and {xq+n,Xq+n+i, ■ ■ ■ ,Xq+2n~4} Xq+n-1- Therefore for all 
Z e [1, n — 4] if XiX € D and Xi-i ^ C{q + n — 2, q + 2n — 6) , then Xq+n-iXi-i ^ D, since otherwise, by 
(78), Cn = xxq+n+i ■ ■ ■ Xq+2n-3-iXq+n-iXi-i ■ ■ - XiX, & Contradiction. It is not difficult to see that the 
number of such Xi-i vertices at least to — 1. Therefore, since Xq+n-ix ^ -D, we get od{xqj^n-i) <m—l 
and d{xq+n-i) < 2m — 2, a contradiction. This completes the proof of the theorem, q 
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